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Abstract. Let M := (Af 4 ,u) be a 4-dimcnsional rational ruled symplectic manifold and denote 

^ by u>m its Gromov width. Let Emb u (B 4 (c), M) be the space of symplectic embeddings of the 

O ' standard ball of radius r, B 4 (c) C K 4 (parametrized by its capacity c := nr 2 ), into (M, ui). By the 

'S ' , , work of Lalonde and Pinsonnault 1131 . we know that there exists a critical capacity c cr ; t £ (0, %] 

such that, for all c £ (0, c cr ; t ), the embedding space Emb u (B 4 (c), M) is homotopy equivalent to 

the space of symplectic frames SFr(M). We also know that the homotopy type of Emb u (S 4 (c), M) 

changes when c reaches c cr ; t and that it remains constant for all c G [c cr it j ^ M ) ■ in this paper, 

Owe compute the rational homotopy type, the minimal model, and the cohomology with rational 
coefficients of Emb u (B 4 (c),M) in the remaining case c S [c cr i t , u>m ) ■ In particular, we show 
Xjl • that it does not have the homotopy type of a finite CW-complex. Some of the key points in 

the argument are the calculation of the rational homotopy type of the classifying space of the 
symplcctomorphism group of the blow up of M, its comparison with the group corresponding to 
C^ i M, and the proof that the space of compatible intcgrablc complex structures on the blow up is 

weakly contractible. 
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1. Introduction 
m ' 

We compute in this paper the rational homotopy type, the minimal model, and the cohomology 
with rational coefficients of the space of embedded symplectic balls of capacity c in any closed 
rational ruled 4-manifold. We consider only minimal ruled manifolds in the sense that they are not 
blow-ups of ruled manifolds. By the classification theorem for rational ruled 4-manifolds [12], any 
OO , such manifold is symplectomorphic, after rescalling, to either 

the topologically trivial 5 2 -bundle over 5* 2 , M° = (S 2 x S* 2 ,w°), where uj° is the split 
symplectic form u)(fj,) ® w(l) with area [i > 1 for the first S^-factor, and with area 1 for the 
second factor; or 
• the topologically non-trivial 5* 2 -bundle over S 2 , M^ = (S 2 xS 2 , ul), diffeomorphic to 

CP 2 #CP 2 equipped with the standard Kahler form lo^ where the symplectic area of the 
exceptional divisor is /i > and the area of a projective line is fj, + 1 (this implies that the 
area of the fiber is 1). 

Note that the second bundle is, topologically, the only non-trivial S^-bundle over S 2 . Let B A {c) C M 4 
be the closed standard ball of radius r and capacity c = irr 2 equipped with the restriction of the 
symplectic structure u> s t = dx\ A dy\ + dx2 A dyi of R 4 . Let Emb^(c, //) be the space, endowed with 
the C°°-topology, of all symplectic embeddings of B A (c) in M % . Finally, let 3Emb^(c,//) be the 
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space of subsets of M^ that are images of maps belonging to Emb^ (c, fi) denned as the topological 
quotient 

(1) Symp(B 4 (c)) <-> Emb^(c,/i) — > QfEmbJ, (c, ^) 

where Symp(i? 4 (c)) is the group, endowed with the C°°-topology, of symplcctic diffcomorphisms of 
the closed ball, with no restrictions on the behavior on the boundary (thus each such map extends 
to a symplectic diffeomorphism of a neighborhood of B 4 (c) that sends B 4 (c) to itself). We may view 
QEmb^(c, pi) as the space of all unparametrized balls of capacity c in M l . 

1.1. Preliminary results. Recall that the Non-squeezing theorem implies that Emb^(c, //) is empty 
for c > 1; it is then easy to see that the Gromov width of all spaces M % is equal to 1 and that, actually, 
the space Emb^(c,/i) is non-empty if and only if c e (0, 1). It was proved in [13] Corollary 1.2 and 
in [17] Corollary 1.9 that the homotopy type of Emb^(c, pi) can be completely understood for some 
special values of /i, namely 

Proposition 1.1. Let </> : Emb^(c, /i) — > SFr(M*) be the map that associates to an embedding 
i : B 4 (c) =— » M % the symplectic frame at the origin. 

(1) For /i = 1 and i — 0, that is, for S 2 x S 2 with factors of equal area, the map (f> is a 
homotopy equivalence for all values c 6 (0,1). Consequently, the space of unparametrized 
balls Q c Emb a ,(c, yu) is homotopy equivalent to S 2 x S 2 . 

(2) In the twisted case, for any fj, in the range (0, 1], the map (f> is a homotopy equivalence for 
all values c € (0,1). Hence, the space 3Emb 1J (c,f() is homotopy equivalent to M^ for these 
values of \x. 

We will therefore assume in this article that \x > 1. Denote by £ the "low integral part" of 
/i, i.e the largest integer strictly smaller than /i. Using an inflation argument, it was shown in 
Lalondc-Pinsonnault [13] Theorem 1.7 and in Pinsonnault [T7] Theorem 1.7 that: 

Proposition 1.2. The space Emb^(c, /i) is homotopy equivalent to the space of symplectic frames 
of M* for all values c G (0,/u — €). Hence, in this range ofe's, the space 3Emb^(c,/j) is homotopy 
equivalent to the manifold M l itself. Moreover, the homotopy type of 3Emb^ (c, /i) changes when c 
reaches the critical capacity fi — I and remains constant for all c £ \jj, — £, 1). 

Define the critical capacity c cr it £ (0, 1] by setting c cr ;t := \i — £■ In this paper, we will therefore 
restrict our attention to the remaining cases, namely to the values /i > 1 and c > c cr ;t in both the 
split and non-split bundles. 

1.2. The general framework. Let M % be a normalized rational ruled 4-manifold with /z > 1 and 
consider c £ [c cr jt, 1). The main results of this paper are: 

• Theorem 13.11 that gives the rational homotopy type of QEmb^ (c, \x) , expressed as a non- 
trivial fibration whose base and fiber are explicitely given, 

• Theorem 15. II that computes the minimal model of SErnb^, (c,/i), and 

• Corollary 17.11 that computes the rational cohomology ring of SEmb^ (c, /j,) . 

In particular, these results imply that if c E [c cl -it,l), then the topological space 3Emb^(c, fj.) 
does not have the homotopy type of a finite dimensional CW-complex. 

In order to obtain the previous results we need two fundamental calculations, namely: 

• the computation of the rational homotopy type of BSymp(M l ), the classifying space of 
the symplectomorphism group of the blow-up of M l . L at a ball of capacity c (Theorem [ 
as well as its rational cohomology f Theorem IB. 7p . and 
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• the calculation of the structure of the space of compatible integrable complex structures 
on the blow-up of ML and in particular the fact that this space is weakly contractible 
(Appendix [£} . 

Here is a brief description of the approach to prove these results. McDuff showed in [T3] that the 
space SEmb^, (c,/i) is path-connected. By extension of Hamiltonian isotopies, one sees immediatly 
that the group of Hamiltonian diffeomorphisms of M % acts transitively on SEmb^(c, \jl). Note that 
under the restriction /i > 1 , the group of Hamiltonian diffeomorphisms is equal to the full group of 
symplectic diffeomorphisms. On the other hand, using J-holomorphic techniques, it was proved in 
[T5] that the stabilizer of this action, i.e. the subgroup of symplectic diffeomorphisms of M % that 
preserve (not necessarily pointwise) a symplectically embedded ball B c C M l , can be identified, up 
to homotopy, with the group of all symplectomorphisms of M % c , the blow-up of M % at a ball of 
capacity c in M % . We therefore have the following fibration 

(2) Symp(M* iC ) -» Symp(M;) — > QrEmb^c, fx) 

that naturally expresses 3Emb^(c,/j) as an homogeneous space, namely 

3?Embt(c,M) - Symp(A/;)/Symp(M;j. 

Consequently, the homotopy-theoretic study of QEmb^(c, fi) breaks down into three steps: 

Step 1. The computation of the homotopy type and cohomology algebra of Symp(M*) (as well as 
those of -BSymp(A/* )). This step was carried out by a number of authors: Abreu pQ, Abreu-McDuff 
[3], Anjos [4], Anjos-Granja [5], and Abreu-Granja-Kitchloo [2j. 

Step 2. The computation of the homotopy type and cohomology algebra of Symp(M* c ) (as well as 

those of BSymp(M* >c )). The rational cohomology modules #*(Symp(M* )C );Q) and#*(BSymp(M* c );< 
were computed in [13] and |17| . In the present paper, we will carry these calculations further and 
describe the full homotopy type of these spaces as well as the rational cohomology ring structure by 
adapting the arguments of [3J. 

Step 3. The most interesting step is understanding how Symp(Af* c ) sits inside Symp(JVf') so that we 
could compute the quotient. This step has been carried out in some special cases in [51 H21 [T7] . In this 
article, we take a systematic approach to compute the rational homotopy type of the quotient. See 
Theorems B.8 and B.9 in this paper showing that, even with the most natural choice of generators, 
the way in which Symp(AP c ) sits inside Symp(-M') is not straighforward. 

Note that, in view of the fibration ([1]) above, and since the reparametrization group of the standard 
ball B 4 C K 4 retracts to U(2), the computations for SEmb^(c,/i) carry easily to Emb^(c, /i). We 
get, in this way, similar theorems for the parametrized space of embeddings. 

1.3. The duality between Emb(Af°) and Emb(Mj). We now explain the duality introduced in 
[TT] that enables us to reduce the twisted case to the split one. 

Denote by B° and F° in H2(M°, Z) the classes of the first and second factor respectively. Denote 
by F 1 the fiber of the fibration il/ 1 (= CP 2 # CP 2 ) -> CP 1 and by B 1 the section of self-intercction 
— 1 of that fibration. Denote by E l 6 H 2 (M l ,'Z),i = 0,1, the class of the exceptional divisor 
that one gets by blowing up the standard symplectic ball of capacity c in M l . Let's denote by 
the same symbols B" 1 ,F l the obvious lifts (proper transforms) of these classes to the blow-up M\ 
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Now let's recall the dualit}Q according to which blowing up M° = S 2 x S 2 or M 1 = CP 2 #CP 2 
leads to diffeomorphic smooth manifolds M° ~ M 1 . As explained in [17], the blow-down of an 
exceptional curve in M° in class F° — E° yields a manifold diffeomorphic to <CP 2 #CP 2 . The 
induced diffeomorphism between M° and M 1 relates the basis {B°,F°,E } and {B 1 , F 1 , E 1 } as 
follows: 

B 1 < — ► B°-E° 

E 1 < — ► P°-P° 

F 1 «— » F° 

When one considers this birational equivalence in the symplectic category, the uniqueness of sym- 
plectic blow-ups implies that the blow-up of M" at a ball of capacity < c < fj, is symplectomorphic 
to the blow of M } L _ C at a ball of capacity 1 — c. Conversely, the blow-up of M* with capacity 
< c < 1 is symplectomorphic to the blow-up of M9, 1 _ c with capacity 1 — c. In other words, we 
have a complete symplectic duality between the blow-up of "large" balls in M l and the blow-up of 
"small" balls in M 1 ^ 1 . For this reason, we will state our results for both ruled surfaces M° and 
M 1 but we will often give the complete proof for the split case M° only, leaving to the reader its 
relatively easy adaptation (using the above equivalence) to the twisted case M 1 . 

1.4. Plan of the paper. Here is an overview of the content of the paper. In Section [2] we briefly 
recall the geometric facts that lead to the homotopy decomposition of the groups of symplecto- 
morphisms. The actual computations for the groups Symp(M* c ) are carried in the Appendices, 
following the method introduced in Abreu-Granja-Kitchloo [2]. In Section [3j we express rationally 
the space SEmb^ (c, /z) as a fibration whose base and fiber are computed. In Section [3] we compute 
the minimal model of 5Emb^(c,^), showing in particular that the latter space does not retract to 
a finite CW-complcx for \x > 1 and c > c cr ;t. Finally, in Section [7j we compute the cohomology of 
QEmb^ (c,/i) with rational coefficients. 

Acknowledgements. The authors would like to thank Gustavo Granja for useful conversations, 
Octav Cornea for discussions on some aspects of the theory of minimal models, and V. Apostolov and 
A. Broer for conversations on complex algebraic geometry. But above all, the authors are grateful 
to the referee for reading the paper carefully and giving very pertinent suggestions, in particular for 
giving a way to correct the computation of the differential of h in the minimal model of 3Emb u (c, /i) . 

2. Homotopy decomposition of the symplectic groups 

This section is devoted to the homotopy decomposition of the groups Symp(AP) and Symp(AP c ). 
For the convenience of the reader, we first briefly review the geometric arguments that lead to the 
description of these symplcctomorphism groups (and of their classifying spaces) as iterated homotopy 
pushouts. The references for this are the papers [H [31 Q31 [13 [TBI E3 and the two Appendices of the 
present paper in which we carry out the computations for the groups Symp(M* c ). 

To simplify the notations, we will write G* and G* c for the group Symp(M*) and Symp(M* c ). 

2.1. The limits lim^-joo G* and lim^-joo G* . Let us first recall that the homotopy-theoretic 
understanding of the groups G* and G* c heavily relies on the generalization, due to McDuff, of 
the Lalonde-McDuff inflation technique. These ideas are used in McDuff [T5] to prove the following 
fundamental results. In the following two theorems, £ is the largest integer strictly smaller than /x, 
i.e£<n<e+l. 



That duality also exists on ruled symplectic 4-manifolds over surfaces of any genus and was exploited in lll| to 
we that the Non-Squeezing Theoi 
real surface of genus greater than 0. 
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Theorem 2.1 (See [THE])- For any fj, > 1 and e, S > 0, there is a natural diagram 



G\ *■ ^V+e 






well defined up to homotopy. Altogether, these maps define a homotopy coherent system whose ho- 
motopy limit is FDiS(M l ), the group of fibered C°° -diffeomorphisms, that is, those diffeomorphisms 
that are lifts to M % of diffeomorphisms of the base S 2 of the fibration S 2 °-> M l — > S 2 . Moreover, 

(1) the homotopy type of G 1 remains constant as \x varies in the interval (£,£ + 1]. 

(2) The map G % — ► G % +e is (4£ + 1i — l)-connected. In particular, when \x > 1, it induces an 
isomorphism of fundamental groups. 

(3) These maps induce surjections H*(BG\ +fL ) — > H*(BG\) for all coefficients. Consequently, 
the map BG 1 —* BFDiff induces a surjection in cohomology. 

The same arguments can be adapted to the case of G* c and yield 
Theorem 2.2 (|17j). Given c e (0, 1), there is a homotopy coherent system of maps 

rn j. fji 



fit 

^H + c+Sx 

defined for all fj, > 1 and all e, S > 0, whose homotopy limit is PDiff*(M t ), the group of fibered 
C°° -diffeomorphisms of M l that fix a point p G M l . Moreover, 

(1) the homotopy type of G c remains constant as /i varies in either (£, £ + c) or [£ + c, £ + 1]. 

(2) The map G* c — > G* +e c is (Ai. + 1i — 3)- connected if c > c cr a, and (A£ + 1% — l)-connected 
if c < c cr it- In particular, when [i> \, it induces an isomorphism of fundamental groups. 

(3) These maps induce surjections H* (BG l „ +e c ) — ► H*(BG* C ) for all coefficients. Conse- 
quently, the map BG* c — > BFDiff* induces a surjection in cohomology. 

Proof. See Theorem 1.3 and Proposition 3.6 in [17]. D 

2.2. The action of Symp(M') on compatible almost complex structures. Let J 1 be the space 
of all G°°-almost complex structures compatible with the symplectic form io l on M l . This is an 
infinite dimensional Frcchct manifold on which G* acts by conjugation, that is, (f>- J = (d(f)) J{d<f))~ 1 
where <j> € G* and j£ J' Observe that because J'l is contractible, the associated homotopy orbit 
space (i.e. the Borel construction) 

WhG^ '~ EG l X G%J/ 1 

is homotopy equivalent to the classifying space BG l . It is a standard fact that the projections yield 
an cquivariant diagram 

EGl x J* ^ J* 



BG^ —^ ^K 
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such that the preimage (^ _1 [J] is naturally identified with the classiying space BKj of the stabilizer 
subgroup Kj of J. In our case, this isotropy subgroup is the group of isometries of the almost 
Hcrmitian structure associated to the pair (w* J) and, hence, is a compact Lie group. Moreover, as 
we will explain below, the orbit category associated to the action of Gl on J % is essentially finite and 
can be understood by combining J-holomorphic techniques with standard results from the theory of 
deformation of complex structures. This leads to a description of BG* in terms of classifying spaces 
BKj of finitely many compact Lie subgroups Kj C G l . 

2.3. The stratification of J % as an orbit decomposition. The space J* is naturally partitioned 
in {£ + 1) strata indexed by even integers in the split case i = and by odd integers in the twisted 
case i = 1: 

where as usual I is the largest integer strictly smaller than //. The stratum J 1 2k+i is made of 
those almost complex structures J for which the class B % — kF % can be represented by an embedded 
J-holomorphic 2-spherc. Note that this is indeed a partition: by positivity of intersection, a J- 
structure cannot belong to more than one such stratum, and any J G J* must belong to at least one 
stratum since the GW-invariant associated to the class B l does not vanish (use then the Gromov 
compactness theorem to conclude). Each stratum is a smooth co-oriented Frechet submanifold of 
finite codimension: the stratum J 1 i is an open and dense subset of J't while for j = 2k + i > 2 the 
stratum J % is of codimension 2j — 2. The reader will find in [3j the proofs of the results regarding 
the stratification of J* and further references. 

Each stratum corresponds to a toric structure on ML unique up to equivariant symplectomor- 
phisms. In particular, J 1 contains a Hirzcbruch complex structure Jj, unique up to diffcomor- 
phisms, coming from an identification of (M* , Jj) with the Hirzebruch surface ¥j := F(0(—j) © C) 
(hence our choice of indices). The stabilizer subgroup K(j) of Jj is given, up to isomorphism, by: 

fSO(3)xSO(3) if j = 0, 
K(j) ~ i S 1 x SO(3) if j = 2k, k > 1, 

[u(2) i£j = 2k + l,k>0. 

The closure of Jl , in Jl is the union of all strata of index n > j 

J y.,3 := ^V,j U • • ■ U J^ 2 e+i 

In fact, using J-holomorphic gluing techniques, one can show that the partition is a genuine strat- 
ification: each J^j has a neighborhood Mj C Jp, which, once given the induced stratification, has 
the structure of a locally trivial fiber bundle whose typical fiber is a cone over a finite dimensional 
stratified space. 

Most importantly, the action of G* preserves each stratum and, although the action restricted 
to a stratum cannot be transitive (because, for instance, each stratum contains both integrable and 
non-integrable structures), the inclusion 

G 1 JK(j) - Jlj 

of the symplectic orbit of Jj in J/? is a weak homotopy equivalence. 

Let us consider the particular case M" = (S 2 x S 2 , /j,<T®a) with 1 < /j, < 2 more closely. For jjl in 
that range, the space J® is made of an open stratum J^q — G®/Kq and a codimension 2 stratum 
J® 2 ~ G° /K{2). The isotropy groups intersect along a common SO(3) which is the SO(3) factor in 
K{2) = S 1 x SO(3) and the diagonal SO(3) in K(0) = SO(3) x SO(3). The action of the S 1 factor 
of K(2) on a fiber of the normal bundle of J~° 2 i s isomorphic to the standard linear action of S 1 on 
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E 2 . In particular, K(2) acts transitively on the unit normal bundle over J 2 with stabilizer SO (3). 
Now assume that there exists a G°-invariant tubular neighborhood A/" := A/"(j7° 2 ) of J® 2 m 3u 
isomorphic to a tube G° x^( 2 ) D 2 . Then we could write the contractible space J® as an equivariant 
homotopy pushout 

(3) A/-(J£ 2 ) - 3°, 2 /J° 2 * Gl/K{2) 

j% ~ oyx (o) ^ji 

and, by applying the Borel construction EG®x G o , we would get another pushout diagram 

(4) BSO(3) *- S(5 1 x SO(3)) 



B(SO(3) x SO(3)) *- BGl 

that would decompose (the homotopy type of) BG® along conjugacy classes of maximal compact 
subgroups. The only problem with this argument is that it may be impossible to construct such an 
invariant tubular neighborhood TV. Nevertheless, as explained in [2J Appendix D, a slice theorem for 
the action of G^ on J^ allows one to make the previous argument completely rigorous|3 by defining, 
for any indices i and j, an Aoo-action of G* near 31 ■ which is essentially equivalent to the left 
action of G^ on a tube G^ *K(j) D 2 ^ 2 . 

In the general case /i > 1, i £ {0, 1}, one may decompose 3t as the union 

To apply the previous ideas to this decomposition, one has to understand the action of K(2£ + i) on 
the normal bundle M(J 2l+i ) of the last stratum and one must compute the homotopy orbit space 

W/l,i U • • • U J^2£+i-2) hG^ 

In principle, this can be done using J-holomorphic gluing techniques but, as explained in [16j . the 
computations quickly become intractable as \x increases. A solution to this problem, found by Abreu- 
Granja-Kitchloo in [2J, is to look at the restriction of the action G^ x J^ — » J^ to the subspacc 
I 1 C J/? of compatible integrable complex structures. As they explained, the point is that for Kahlcr 
4-manifolds satisfying some analytical conditions, the action of the symplcctomorphism group on 
the space of compatible integrable complex structures can be understood using complex deformation 
theory. In the special case of rational ruled surfaces M % , they showed that 

(1) I % „ is a submanifold of 31 and the inclusion T*. C 31 is transverse to each stratum 31 „■• 

(2) The stratum T % ■ := T 1 ^ n 31 j is homotopy equivalent to the symplectic orbit of Jj in T % ■. 

(3) For any J s T 1 , the tangent space of 2^ at J is naturally identified with Tj((Diff(M) • J) n 
IU) © H j (TMV), where TM % denotes the sheaf of germs of holomorphic vector fields. Here 
the (infinite dimensional) first summand is the tangent space to the stratum I 1 to which 
J belongs, while the (finite dimensional) second summand is naturally identified with the 
fiber of the normal bundle of T 1 C Tt at J. Moreover, this identification is equivariant 
with respect to the action of the isometry group K{j). 



See also [5] for a different, more algebraic, approach. 
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It follows that X % is itself a stratified space, that the inclusion X 1 ■ <— ► J^ is a homotopy equivalence, 
that the equivariant diffcomorphisni type of a normal neighborhood of the j th stratum is the same 
in both stratifications, and that this neighborhood does not depend on the parameter /i as long as 
fi > (j — *)/2. These facts, together with the results of Appendix D in [2], imply that the action of 
G* on the normal bundle ■N'iJ^t+i) ^ s homotopically equivalent to the left action of G* on the tube 
G^ X-K{2e+i) H/ 2e .(TMV), and that the homotopy orbit space 

Wfi,i U • • • U J^ 2 £+i-2) h ^ 

can be understood iteratively. Finally, because dime H y. (TM l ) = 2j — 2, wc get the following 
homotopy decomposition of BG ' u : 

Theorem 2.3 ([2], Theorem 5.5). There is a homotopy pushout diagram 

(S^ 2i - 3 ) hK(2£+i) ^^ BK(2i + i) 
it 
BG ^-i *■ BG v 



where £ < fi < £ + 1, tt is the bundle associated to the representation of K(2£ + i) on Hy (TM l ), 

ii is induced by the inclusion K(2£ + i) °-> G* and where the map BG l . L _ l — > BG* coincides, up to 
homotopy, with the one given by inflation described in Theorem \2.1\ 

2.4. Homotopy decomposition of BG* c . There is a similar pushout decomposition for the clas- 
sifying space of G l c . Note that because we can identify symplcctically M° c with M* c 1 _ c , there 
is no loss in generality to restrict ourselves to the case i = 0, that is, to symplectic blow-ups of the 
trivial bundle M" only. 

All of Abreu-Granja-Kitchloo arguments on Mj apply as well for the group of symplectomor- 
phisms of the blow-up M" c if one has in mind the following geometric facts and observations. When 
passing to the blow-up, the spaces of compatible (almost) complex structures J® and 2"° arc 
now partitioned according to the degeneracy type of exceptional curves in class B — E (using the 
notation introduced in Section 1.3). Indeed, recall that there are exactly three exceptional classes 
in H^M® c ), namely E, F — E, and B — E. For generic J, they are all represented by embedded 
J-holomorphic spheres. However, when fi > 1, the class B — E has strictly larger area than E and 
F — E and it follows that 

(1) the exceptional classes E and F — E are symplectically indecomposable and, given any 
J G J® c , are always represented by embedded J-holomorphic spheres. 

(2) A J-holomorphic representative of the exceptional class Dq := B — E can only degenerate, 
as J varies, to a cusp-curve containing a unique embedded representative of either £>2fc-i := 
B - kF or D 2k := B - kF - E for some 1 < ft < £. 

Because the intersection Di ■ Dj is always negative, this defines a partition of spaces of compatible 
(almost) complex structures in which the j th stratum 3® ,- consists of those complex structures J 
for which the class Dj admits an embedded J-holomorphic representative. The set of strata is in 
bijection with the set of equivalence classes of toric actions on M® c and incorporates strata coming, 
after blow-up, from both J® and J}_ c - It is easy to see that the strata arc now indexed by all 
integers between and m, where m = 2£ if c < c cr ; t or m = 2£ — 1 if c > c cr ; t . In particular, 
when c belongs to the range [c cr ;t, 1), which is the case considered in this paper, this stratification 
starts at the dense stratum associated to D and ends at the (2£ — l) th stratum associated to the 
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class D-2.1-1 = B — IF. Again, the symplectomorphism group G° acts on J® preserving the 
stratification. 

Proposition 2.4 (see [13] §4, and [16]). Given /j, > 1 and c G (0, 1), recall that £ is such that 
I < fj, < £ + 1. Lei 771 6e i/ie index of the last stratum, in J®, namely 

)2£ if c < c C nt 

m := < 

^ 2£ — 1 if c> c C nt 

Then, given 1 < j < m, we have 

(1) The subspace J^ c j is a smooth, co-oriented, codimension 2j submanifold whose closure is 
the union |_lj< a <m ^,c,s- 

(2) The stratum, Sfi, c ,j contains a complex structure Jj , unique up to diffeomorphisms, coming 
from the blow-up of the Hirzebruch surface ¥j at a point p belonging to the zero section. 
Equivalently, one can obtain Jj by blowing up the even Hirzebruch surface ¥2k on the zero 
section if j = 2k, or on the section at infinity if j = 2k — 1. 

(3) The group G° c acts smoothly on 3® ,-. The stabilizer of Jj is the 2-torus T(j) generated by 
the lifts of the Kdhlerian isometrics of ¥j fixing the center p of the blow-up. This identifies 
T(j) with a maximal torus of K(j). 

(4) The inclusion of the symplectic orbit G° c • Jj ~ G° C /T(j) ^ jj c j is a homotopy equiva- 
lence. 

As we explain in Appendix A, the action of the symplectomorphism group on J® c is homotopically 
equivalent to its restriction to the subset of compatible integrable complex structures 2? c . Since 
the last stratum has real codimension 2m, this yields the following description of BG° c : 

Theorem 2.5. If£<fi<£+1 and c € (0, 1), there is a homotopy pushout diagram 



n2m-l 
hf(m) 



->■ BT(m) 



where m is the index of the last stratum of J®, and where 

, J £ + c if c < c crit 
I 1 = \ 

y£ if C> C cr it 

so that G®, c is the group associated with a stratification having one stratum less than the strat- 
ification associated with G® c . The upper horizontal map is the universal bundle map associated 
to the representation of T(m) on Hj (TM l c ), i m is induced by the inclusion T(m) '—* Gj ic , and 
the map BG ■ , c — > BG® c coincides, up to homotopy, with the one given by inflation described in 
Theorem \2. 6 A 

3. Homotopy type of the space of embedded symplectic balls 
In this section we describe the rational homotopy type of the space 

SEmb(S c , M;)~G;/G; jC 
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as the total space of a fibration whose base and fiber are explicitely computed. We will prove the 
following theorem: 

Theorem 3.1. If c > c cr it, the topological space 3Fmb^(c, /i) has the rational homotopy type of the 
total space of a fibration 



where F° = S' 



Al-l 



flg^e+i an( j: pi _ gu+i x c^ga+3 as t p l gi ca l spaces. The projection map is 



homotopy equivalent to the push-forward, through the quotient map Emb^(c, /i) — » 3Emb^(c,/j), of 
the evaluation map at the center of the ball ev center '■ Enit£,(c, /i) — > M l . 

To prove the theorem 13.11 it is convenient to consider the untwisted case and the twisted case 
separately. 

3.1. The untwisted case. Let FDiff be the group of fiber preserving diffcomorphisms of S 2 x S 2 , 
and FDiff * c FDiff be the stabilizer of a point. Since FDiff acts transitively on S 2 x S 2 , there is a 
fibration 

S 2 x S 2 -► BFDiff * -> BFDiff 

and because FDiff ~ hocolim^^oo G° and FDiff, ~ hocolim^^oo G° c , there is a homotopy com- 
muting diagram of fibrations 



(5) 



(j u/ (j u. 



F >4>»,c *" BG l,c 



BG° 



+ S 2 xS 2 



-^- BFDiff, 



■0^ 



*- BFDiff 



in which the spaces in the leftmost column are defined as the homotopy fibers of the horizontal maps. 
Over the rationals, this diagram simplifies enough to allow explicit computations. For instance, the 
topological group FDiff is homotopy equivalent to the semi-direct product SO(3) x Map(S' 2 , SO(3)) 
where SO(3) acts on Map(S' 2 , SO(3)) by precomposition. In fact, the principal fibrations 

Map(S' 2 , SO(3)) -> FDiff -» SO(3) 

and 

fi 2 SO(3) -> Map(S' 2 ,SO(3)) -* SO(3) 
both admit sections so that, as a space, FDiff ~ £7 2 SO(3) x SO(3) x SO(3). At the classifying space 
level, we have fibrations with natural sections 

Map(S' 2 ,BSO(3)) -> BFDiff -» BSO(3) 

and 

ftSO(3) -► Map(5 2 ,BSO(3)) -» BSO(3). 
Because the rational cohomologics of BSO(3) and f2SO(3) arc concentrated in even degrees, the 
corresponding rational spectral sequences collapse at the second stage, and since 

iT(ftSO(3) x BSO(3) x BSO(3);Q) = H*(K(Q,2) x K(Q,A) x A'(Q,4)), 
it follows that there arc rational homotopy equivalences 

BFDiff -> A(Q,2) x A(Q,4) x A(Q,4) «- ftSO(3) x BSO(3) x BSO(3) 
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In fact, since f2SO(3) ~q BS 1 , there is a natural map 

BS 1 V BSO(3) V BSO(3) -» BFDiff 
that, rationally, extends to a homotopy equivalence 

BS 1 x BSO(3) x BSO(3) -> BFDiff. 

Note that the same arguments as above show that the classifying space of the stabilizer subgroup 
FDiff* is rationally equivalent to BS 1 x BS 1 x BS 1 ~ K(Q,2) x K(Q,2) x A(Q,2). 



Lemma 3.2. Over the rationals, BG° fibers over B(SO(3) x SO(3) x S 1 ) with fiber S 4e+1 . 

Proof. We know from Abrcu-Granja-Kitchloo [2] that the rational cohomology ring of BG® is iso- 
morphic to 

Q[T,X,Y]/(f) 

where the generators are of even degrees \T\ = 2, \X\ = 4, and \Y\ = 4, and where / is an 
homogeneous polynomial of degree 4£ + 2. The theory of minimal models (see, for instance, the 
discussions in the begining of sections §4 and §5) implies that, rationaly, the cohomology ring of the 
homotopy fiber of the map 

BG° U -> K(Q,2) x A(Q,4) x A(Q,4) 



is isomorphic to an exterior algebra with a single generator of degree M+l. Therefore, the homotopy 
fiber is rationaly equivalent to A(Q, 4£ + 1) ~ S u+1 . D 



Similarly, the description of the rational cohomology ring of BG® c given by theorem IB. 71 in the 
Appendix yields 



U-x 



Lemma 3.3. Over the rationals, the space BG® c fibers over B(S X xS 1 x S 1 ) with fiber S 

The previous two lemmas implies that the diagram ([5]) is homotopy equivalent, over the rationals, 
to the following commutative diagram in which SEmb w (c,/j) ~ G®/G® c appears, as desired, as the 
total space of a fibration whose base and fiber are known: 



(6) 



F° 






S 



M+l 



BG^ C 



+ BG% 



^S 2 xS 2 



^BiS 1 x S 1 xS 1 ) 



^B(SO(3)xSO(3) x S 1 ) 



Notice that F° is the fiber of the map j from S u x to S +1 . Any map between such spheres is null 



nomotopic, so F° = S 4 



rtS 4e+1 as topological spaces. This proves theorem 13. II in the untwisted 



3.1.1. The particular case 1 < /z < 2. When 1 < \x < 2, one can strengthen theorem 13.11 by 
computing the full homotopy type of the embedding space 3Emb w (c, /i) . This range of /i corresponds 
to the first step of the induction process that gives the homotopy type of BG® and BG® c as 
pushout squares. In this case the Borel construction S h ^? 2l ^ = EK{2t) x K ^ 2 e) S 4i ~ 3 gives S^ K , 2 s ~ 
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BSO(3). Therefore, it is easy to see that there are maps tpo and ipi that make the following diagram 
commutative. 



BSO(3) 



£(SO(3) x S 1 ) 



A 




S(SO(3) x SO(3)) 



B(SO(3) x SO(3) x S 1 ) 

where A is the diagonal map, n is the inclusion of the first factor, io and i\ are the inclusions of 
the classifying spaces of the isotropy subgroups. Note that this diagram holds not only over the 
rationals but also over the integers. 

Similarly, if < fi — 1 < c < 1, then the homotopy orbit S^j,,^ is equivalent to BS 1 and we get 
the following commutative diagram that also holds over the integers. 



-^ B(S l x S 1 ) 




BS 1 



B(S l x S 1 ) 



BiS 1 x S 1 x S 1 ) 

The fibers of the maps BG^ -> B(SO(3) x SO(3) x S 1 ) and BG°^ C -> BiS 1 x S 1 x S 1 ) arc given by 
£ 2 SO(3) and S 3 , respectively. Using these fibrations, we can then construct a commutative diagram, 
as in ([6]), that now gives the full homotopy type of the space of embedded balls. 

Theorem 3.4. If < /i — 1 < c < 1, the topological space 5Emb w (c, n) has the full homotopy type 
of the total space of a fibration 



(7) 



lffi 2 SO(3)/ftS* 3 -* 9Emb°(c,^) -> S 2 x S 2 . 



where the inclusion Q.S 3 C 17I] 2 SO(3) is understood by identifying QS 3 with il^S 1 and taking the 
standard inclusion of S 1 in SO(3). 

Moreover, S 2 x S 2 is a retract of the space of embedded balls. 

Proof. Since S 2 x S 2 may be identified with the homogeneous space (SO(3) x SO(3))/(S' 1 x S 1 ) 
where these two groups are subgroups of G° and G° c , respectively, the fibration has a section. This 
proves the second statement in the theorem. □ 



3.2. The twisted case. There is a whole similar picture for the twisted bundle M 1 = (S 2 xS 2 , uj^). 
Let us write FDiff for the group of fiber preserving diffeomorphisms of M 1 and FDiff* C FDiff for 
the stabilizer of a point. Rationally, we have homotopy equivalences 



(8) 
(9) 



BFDiff ~ BSU(2) x BSU(2) x BS 1 
BFDiff* ~ BS 1 x BS 1 x BS 1 
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Over the rationals, this yields a commutative diagram that expresses the homotopy type of 3Emb w (c, [i) 
G^/G 1 ^ c as the total space of a fibration: 



S 4e+1 x ns 4i + 3 G^/Gl 



oU+l 



gU+Z 



fi .<: 



^ BG l,c 



+ BGI 



This concludes the proof of Theorem 13.11 



+ S 2 xS 2 



^BiS 1 xS 1 xS 1 ) 



^B(SU(2) xSU(2)xS r ) 



4. The minimal models of Symp(M^) and of Symp(M^ c ) 

First recall that in order to be applicable to some given topological space, the theory of minimal 
models does not require that the space be simply connected. We simply need that the space has a 
nilpotcnt homotopy system, which means that n\ is nilpotent and 7r„ is a nilpotent 7Ti-module for 
n > 1. Since the groups of symplectomorphisms Symp(M*) and Symp(A/* c ) are H —spaces, it follows 
that they have a nilpotent homotopy system, because for a H -space, tt\ is abelian and is therefore 
nilpotent, and moreover m acts trivially on all 7T n 's. On the other hand, SEmb 1 is simply connected 
since we know that the generators of 7Ti(Symp(M')) lift to the generators of 7Ti(Symp(M* )). 
Therefore the theory of minimal models is applicable to all spaces under consideration. 

Recall that a model for a space X is a graded differential algebra that provides a complete rational 
homotopy invariant of the space. Its cohomology is the rational cohomology of the space. The model 
can be constructed from the rational homotopy groups of X. In this case, it is always minimal, which 
implies that there is no linear term in the differential of the model, i.e the first term is quadratic. 
When there are no higher order term (i.e all terms are quadratic), then Sullivan's duality can be 
expressed in the following way: 

db k = y^(bfc, [bi, b 3 })bibj. 
id 
where the (a, b) denotes the a-coefficient in the expression of b, and where the brackets denote 
the Whitehead product. Finally, when X is an H-space, as it is the case of both Symp(M') and 

Symp(M* c ), all Whitehead products vanish as well as the differential. 

From these considerations and the computations of the rational homotopy groups of both Symp(.M* ) 
and of Symp(M^ ) in OUT], we have: 

• The minimal model of Symp(M* c ) is A(t, x, y, w), the free graded algebra generated by the 
elements t, x, y, w with degrees deg t = deg x = deg y = 1 and deg w = 4£ + 2i — 2. 

• The minimal model of Symp(M*) is A(t, x, y, w), the free graded algebra generated by the 
elements t, x, y, w with degrees deg t=l, deg x = deg y — 3 and deg w = 4£ + 2i. 

Let's now explain what these generators are. 

First recall that F (or more precisely F l ) denotes the homology class of the fiber of M" 1 , and E 
(or more precisely E l ) € H2(M l c , Z) is the class of the exceptional divisor that one gets by blowing 
up the standard symplectic ball of capacity c in M* . 

We first briefly recall the definition of the Hirzebruch surfaces. For any v > and any integer 
k > satisfying v — | > 0, let CP 1 x CP 2 be endowed with the Kahler form (y — |)n + r 2 where 
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T£ is the Fubini-Study form on €.P l normalized so that the area of the linear CP^s be equal to 1. 
Let Ffe be the corresponding Hirzebruch surface, i.e. the Kahlcr surface defined by 

F fe = {([z ,*i], [wo,w 1 ,w 2 ]) E CP 1 x CP 2 | zjw! = z^o} 

It is well-known that the restriction of the projection tti : (CP 1 x CP 2 , (y — 4)ti + t 2 ) — > CP 1 to Ffe 
endows Ffe with the structure of a Kahler CP 1 -bundle over CP 1 that corresponds topologically to 
the trivial S 2 x S 2 bundle if k is even and to the non-trivial one S 2 x T S 2 = CP 2 #CP if k is odd. 
In this correspondence, the fibers, of area 1, are preserved and the section at infinity of this bundle 

Sec ={([zo,Zi], [0,0,1])} 

of area v — | in Ffe corresponds to the section of self-intersection —A; that lives in 5 2 x S 2 if fc is 
even and in the non-trivial 5 2 -bundle if k is odd. Thus it represents the class oo — (k/2)F (resp. 
er_x — (^p)P in the non-trivial case) where cr, is the section of self-intersection j. Therefore, the 
form (y — |)ti + r 2 gives area 1 to each CP^fiber and area v to the section of self- intersection 
(i.e to B = Co in the trivial case, and to (<7_i + cri)/2 in the odd case). However, our conventions 
for M l gives area fi to the zero section when i = and gives area /z to the section <t_i when 
i=l. This means that ^ must be identified with /j, when k is even and with /j, + ^ when k is 
odd. By the classification theorem of ruled symplectic 4-manifolds, this correspondence establishes 
a symplectomorphism between (Ffc,(/z — -|)ti + r 2 ) and M® for all even k's strictly smaller than 
2fi; similarly, there is a symplectomorphism between (Ffe, (n + | — -|)ri + t 2 ) and M* for all odd 
k's strictly smaller than 2[i. Each such symplectomorphism endows M l with a different integrablc 
compatible complex structure indexed by < k < ji having the section of self- intersection — k 
holomorphically represented. 

The element t in 7Ti(Symp(AP)) is the rotation in the fibers of the Hirzebruch surface F 2+ ;, once 
identified with M 1 , i = 0, 1; for i = 0, it is therefore the rotation in the fibers of M" = B x F round 
the two fixed symplectic surfaces in classes B — P, B + F represented by the graph of the ± identity 
map from the base B to the fiber P. Similar comments apply to i = 1. 

In the case i = 0, the element t is the blow-up of t at the point ([1, 0], [0, 0, 1]) £ F 2 , kept 
fixed under the action of t, identified with the center t c (0) € S 2 x S 2 of the standard ball B c . In 
the untwisted case the element x is the 3-dimensional sphere generating 7r 3 (SO(3)) where SO(3) is 
considered as acting on the first factor in the obvious way, the element y corresponds to the case when 
SO (3) acts on the second factor; the elements x, y are the blow-up of the S 1 part of that action that 
leaves the point t c (0) £ S 2 x S 2 invariant. In the twisted case x and y are 3-spheres that generate 
the f/(2)-Kahler actions on Ffe when k is odd. Finally, both w and w are symplectic elements that 
do not correspond to Kahlcrian actions (i.e a symplectic action preserving an intcgrable complex 
structure compatible with the symplectic form). In the split case, recall that £ is the largest integer 
strictly smaller than fj.: if £ = 1 the generator w is the Samelson product of t and x, while w is the 
Samelson product of t and x; and if £ = 2, then both w and w are higher order Samelson products. 
More precisely, as explained in j3l Section 6] if £ = 2 one can find commuting representatives of t 
and x, so the Samelson product [t,x] vanishes. Hence there is a 5-disk that bounds [t,x], and the 
new 8-dimensional generator w is a second order Samelson product made from this new disk and x. 
In general, if £ < /j, < £+1, the Samelson product [t, x, . . . , x] of order £ — 1 vanishes, so w, in degree 
A£, is a higher order product made from a (4£ — 3)-disk and x. For the generator w in the blow-up 
manifold, there is a similar description, that is, if £ < jjl < £ + 1 and c > /i — £, the Samelson product 
[t, x, . . . , x\ of order 2£ — 2 vanishes, so the generator w in degree A£ — 2 is a higher product made 
from a (4£ — 3)-disk and x. Notice that the dimension of w jumps by two every time fj, passes an 
integer or c passes the critical value c cr ;t = fi — £. 
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There is a corresponding description for the twisted case, however, instead of considering the 
Samelson product of t and x one should consider the product of the generators x and y and their 
higher order Samelson products. 

5. The minimal model of QEmb^(c, fi) 

The goal of this section is to prove the following theorem: 

Theorem 5.1. If c > c cr u (i.e < /i — £ < c < 1), the minimal model o/3Emb^(c,/i) is 

A(ZEmbl(c^)) = (A(a,b,e,f,g,h),d u )=A(S 2 xS 2 )®A(c,g) 

with generators in degrees 2, 2, 3, 3, A£ + 2i — 1, A£ + 2i and with differential 

djje = a 2 , djjf = b 2 , dug = dua = djjb = 0, djjh = qbg, 

where A(S 2 x S 2 ) is the minimal model for S 2 x S 2 and q is a non zero rational number. Thus the 
rational cohomology ring of QEmb^(c, fi) is equal to the algebra 

iT(3Emb^(c, M );Q) = A(a,b,g,gh, . . . ,gh n , . . . ,bh, . . . ,bh n , . . .) / (a 2 , b 2 , bg) 

where n G N (see the computation of this cohomology ring in corollary \7.1\ ). It is therefore not 



homotopy equivalent to a finite- dimensional CW- complex. 

Proof. Any fibration V ^ P — > U for which the theory of minimal models applies (i.e. each space 
has a nilpotcnt homotopy system and the ki of the base acts trivially on the higher homotopy groups 
of the fiber) gives rise to a sequence 

(A(U),du) — » (A(C7) A(V), d) — ♦ (A(V),d v ). 

where the differential algebra in the middle is a model for the total space. Let dm, d\y represent the 
restriction of the differential d to U and V respectively. The theory of minimal models implies that 

d\u — du 
d\v = dy + d' 
where d! is a perturbation with image not in A(V) 
Given the fibration 

Symp(M;, c ) — » Symp(A/;) — . 3Emt£(c, /*) , 

we whish to find the model for 2Emb^,(c, \jl). We will treat the case i = in complete detail. The 
case i = 1 is completely analogous to this one. To avoid unnecessary repetitions, in the latter case 
we will just state the relevant propositions, leaving the proofs as exercises to the interested reader. 
Since the rest of the section is mainly devoted to the case i = 0, we will assume throughout that 
i — 0, unless noted otherwise, and omit the superscript to simplify notation. 

The algebra of the minimal model of 3Emb w (c, /i) for c > c cr j t follows from the computation, in 
Pinsonnault |17j . of its rational homotopy groups: 

7i"i = 0, 7T2 = Q 2 , 7T3 = Q 2 , "Ku-i = Q, ^u = Qj and 7r„ = for all other n. 

Therefore the algebra is A(a, b, e, /, g, h) where dega = deg6 = 2, dege = deg/ = 3, degg = 4£ — 1 
and deg h = 4£. Thus we get the following fibration 

A(a, b, e, f, g, h),d v — ► A(o, b, e, /, g, h) ® A(t, x, y, w), d — > A(t, x, y, w),d v 

The differential d satisfies dm = djj and d\ v = dy + d' = d! . So in order to find the differential 
du for A(a, b, e, /, <?, h) it is sufficient to compute the differential d for the model A(a, 6, e, /, <?, h) ® 
A(t,x,y,w). We need to compare this model with the minimal model A(t,x,y,w) of Symp(A/*) 
given in the last section. 
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Computation of the differential d. 

Let us first apply the simplest method of dimension counting. That method yields easily the 
following partial results: 

Lemma 5.2. Without loss of generality, one may assume that the differential d satisfies: 

dt = 0, dx = a, dy = b, dw = g 

(and therefore the differentials of a,b,g vanish). Moreover de and df must be quadratic, equal to 
(perhaps vanishing) linear combinations of a 2 ,b 2 ,ab. 

Proof. Since the middle term computes the rational cohomology of Symp(Af^), we need exactly one 
generator of degree 1. There is no loss of generality in assuming that it is t: dt = 0. It follows that 
d x and d y must be different from otherwise we would have too many generators in cohomology in 
dimension 1. By the theory of models for fibrations, the perturbation d! has image not in A(£, x, y, w). 
Therefore, without loss of generality, we may set: 

dx — a, dy ~b 

which implies that da = db = 0. 

Now lets compute dw. It docs not vanish because there is no generator in the cohomology 
of Symp(Af M ) in dimension A£ — 2. The theory of rational models for fibrations implies that the 
perturbation d! is dual to the boundary operator d : ir*(B) ® Q — > ir*(F) <£> Q. Since dg = w, we 
conclude that d'w = g, which means that dw = g and implies that dg = 0. □ 

Let us now compute the values of d e and d f. As wc will see below, these will follow easily from the 
computation of the Whitehead products [a, a], [a, b], [6, b] in the rational homotopy of 3Emb IIJ (c ) //). 
If the total space of the fibration Symp(A/ M . c ) — + Symp(M jU ) — » 3Emb w (c,/j) were contractiblc, 
computing such products would boil down to computing the Samclson product of corresponding 
elements of the fiber. But our total space is not contractible, and we have to take also into account 
an horizontal part in the Whitehead product. 

Let us briefly describe the generators of A(C/), i.e. the generators of the rational homotopy groups 
of 3Emb u (c,/i). The group Symp(M M ) acts on 3Emb w (c, fj) by <f> ■ A = image (4>\a) with stabilizer 
equal to Symp(A/ /i , B c ), the subgroup of symplectic diffcomorphisms which preserve (not necessarily 
pointwise) B c , the image of the standard embedding of the ball of capacity c of R 2 ' 1 in M^. This 
leads to the following homotopy fibration: 

(10) Symp(M /i , c ) -► Symp(M Al ) -f 3Emb LJ (c, //). 

The elements e, / and h are the images by the action of Symp(Af^) on 3Emb w (/i, c) of the elements 
x, y and w of 7r* (Symp(M^)) ® Q. The elements a, b are uniquely defined as those spheres in the base 
of that fibration whose lifts to the total space Symp(M^) are discs with boundary on the fiber equal 
to x and y respectively. These lifts are unique because 7T2(Symp(M /i )) <g) Q vanishes. The element g 
is defined in the following way. When I > 1 it is uniquely defined as the sphere in the base of that 
fibration whose lift to the total space is a disc with boundary on the fiber equal to w. Such a lift is 
unique since 7T4^_i(Symp(M M )) (g)Q vanishes in this case. However, if £ = 1, the lift of g to the total 
space is a class in 7r 3 (Symp(M M ), Symp(M MjC )) ® Q (= 7r 3 (Q ! Emb a ;(c, /z)) (g> Q) which is not uniquely 
defined. To make it unique, we define it by first taking the 2-disc D% C SO (3) = x C Symp(M M ) 
whose boundary is equal to 2a;, and then taking the commutator of t and Dj. This yields a 3-disc 
D lying inside [t, x}s = w, whose boundary is the Samelson product 2[t,x\ = 2w. Set g = D/2 e 
7r 3 (Symp(Af M ), Symp(M MiC )) ® Q. 
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Lemma 5.3. The Whitehead product [a, b] vanishes, and 

[a, a] = e [b, b] = f. 

Proof. Assume that X, Y are the generators of tt^(S 2 ) <g> Q of degrees 2 and 3, respectively, and 
Xj , Yj their images in the j th factor of S 2 x S 2 . We have [X, X] = Y in the rational homotopy of 
S 2 and [Xi,X2] = because [Xl,^] is the obstruction to extend the inclusion map (S 2 x {pt}) U 
({pt} x S 2 ) -^ 5 2 x S 2 to a map defined on S 2 x S 2 . 

Recall, from Theorem 13.41 that S 2 x S 2 is a retract of the space of embedded balls, that is, there 
is a a section a : S 2 x S 2 — > 9Emb w (c, /i) of fibration ([7|). It follows that a*(Xi) = a,a Sf (X2) = 
b, <j*(Yi) = e and o-„(Yz) = f and therefore [a, a] = e, [6, 6] = / and [a, b] = 0. □ 

Recall that Sullivan's duality implies: 

db k = '^2 <b k , [b i: bj] > bibj. 

Therefore, the last lemma implies that: 

du{e) = a 2 and du(f) = b 2 . 
It remains to compute dh. 
Lemma 5.4. The differential d satisfies dh = qbg where q is a non zero rational number. 
Proof. Notice that dh ^ if and only if 

rkif«(3Emb w (c, M );(Q) = J * io1 ' £ = X 
V y ,w '^ |o fori>2 

Indeed, if <i/i did not vanish, there would be no clement remaining in degree Al when £ > 1 and 
there would be only one element remaining in degree 4, namely ab. Hence, in that case, we would 
have dh = ct where r is a non-zero linear combination of a and 6, since there are no closed classes 
in degree 4£ + 1 except ct. Moreover, there is a constant q ^ such that dh = qbg, because the 
Whitehead product [a,g] vanishes. Indeed, recall that if £ = 1 the element 2a is the projection on 
the base 3Emb w (c,/i) of the 2 disc D% C D defined above, while 2g is the projection of the 3-disc 
D C [t, x]s = uk Therefore a C g and their Whitehead product must vanish since 7T4(5' 3 ) £g> Q = 0. 
If £ > 1 notice that the Samelson product of order 2£ — 2, [t,x, . . . ,x], vanishes so the (4£ — l)-disc 

*-*w = \t, X , . . . , X, Ux\ 
11-2 

is well defined. Its boundary is the higher order Samelson product 2[t,x, . . . ,x\ = 2w. So 2g is the 
projection on the base of this disc. Since D% C D$ it follows again that a C g and their Whitehead 
product must vanish because ^(S"^ -1 ) (g) Q = 0. 

We will show that H 4i (QEmb u (c,n); Q) = H 4e (G^/G^ c ;Q) is zero-dimensional if £ > 2 and 
one-dimensional if £ = 1, by an argument that uses the Eilenberg-Moore spectral sequence |j applied 
to the fibration G^jG^^ — > BG^^ C — > BG^. This spectral sequence, which is a second quadrant 
spectral sequence, converges to iJ*(G„/G„ ]C ;Q). Its i? 2 -term is given by 



E^ =Tor-y {BG JQ,H*(BG^ c )). 



'Ht is obvious that dh either vanishes or is equal to a non-zero multiple of bg. Unfortunately, one can prove that 
the Leray spectral sequence cannot distinguish between these two cases. We thank the referee for pointing out that 
the Eilengerg-Moore sequence does. 
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We follow Paul Baum's paper [3 Section 2] to calculate these Tor groups. Let A be a graded Q- 
algebra and, M and N be A-modules. Then Tor \(M,N) is the bigraded Q-module obtained as 
follows. Consider a projective resolution R of M over A given by 

f(-2) f(-l) f(0) 

R = { ■ • • ^ i?(- 2 ) *- ijC-D ^ r(o) — ^ M *- }. 

Let L be the bigraded differential Q-module defined by L p ' q = (R^ ® A N^ with d : L p ' q -* L p+1 ^ 
given by / W (g> A In- Tor A (M, AT) is the homology of L, that is Tor^' 9 (M, N) = H P ^(L). 

In our example we have A = H*(BG^;Q), M = Q and N = iJ*(_BG MiC ;Q). The cohomology 
ring of -BG M was computed by Abreu, Granja and Kitchloo in [2]; it is given by 

£ 

H*(BG^Q) = Q[T,X,Y}/(T~[[(T 2 + i 4 X -i 2 Y)} where \T\ = 2 and |A| = |F| = 4. 

i=i 

The same methods can be applied to compute the cohomology ring of BG^^. The proofs of the 
following two theorems are given in Appendix B. 

Theorem 5.5 (See Theorem IB.7|) . Let i < /j, < £ + 1. Then the cohomology ring of BG^ hC is 
isomorphic to 

Q[z, x, y] 

where z,x,y have degree 2, and where the ideal Ru,c * s given by 

~ J (z(z — x + y){z — x — y) • • ■ (z — £ 2 x + £y)) in the case c > c cr u, 

| (z(z — x + y)(z — x — y) ■ ■ ■ (z — i 2 x + £y){z — £ 2 x — ly)) in the case c < c cr a. 

The map BG„ c — ► BG ^ induces a map in cohomology. 

Theorem 5.6 (See Theorem EH} . The map H^BG^Q) -> H*(BG^ C ;Q) is given by 

T i — > z 

X ^ x 2 

Y h^ y 2 + 2xz. 

Under this map, the cohomology of BG^ can be identified with the subring 

f. 
H*(BG^;Q) = Q[z,x 2 7 y 2 + 2xz]/(z JJ((« - i 2 x) 2 - i 2 y 2 )). 

We need to construct a projective resolution for Q as a H*(BG fl ) -module. We can achieve this 
with the augmentation of A, e : Q[z,x 2 ,y 2 + 2xz]/{zT\ i=1 ((z — i 2 x) 2 — i 2 y 2 )) — > Q — A . Therefore 
we may calculate these Tor groups using the following resolution (called the Koszul resolution) 

i 
A(a, /3, 7 , S) ® Q[z, x 2 , y 2 + 2xz]/(z ]J((z - i 2 x) 2 - i 2 y 2 )), 

i=\ 
with differentials given by 

£ 

(II) d(a) = z, d(/3) = x 2 , d(7) = y 2 + 2xz, d(S) = a JJ((« - i 2 a-) 2 - i 2 y 2 ). 

i=i 
Here A(a, /3, 7, S) denotes the free (bi)graded algebra on elements a, (3, 7 and S in bidegrees (— 1, 2), 
(—1,4), (—1,4) and (—2,4^ + 2) respectively. The above complex is a module over Q[z, x 2 , y 2 + 
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2xz]/(zY[ i=1 ((z — i 2 x) 2 — i 2 ij 2 )). graded in external degree zero, i.e. it lies in grading (0, *). It 
follows that the Tor groups of interest are the cohomology of the complex 

t-i 
A(a, ft 7, S) ® Q[z, x, y}/(z(z - l 2 x + ty) J]((z - i 2 xf - i 2 y 2 )). 

»=i 

Here we use the identification of H*(BG^; Q) as a subring of H*(BG fliC ; Q) and under this identifi- 
cation the differential of the complex above satisfies the equalities (|11[) and d(r; <g> to) = drj®m with 
77 e A(a,/3,7,(5) andm G Q[z,x, y]/(z(z-^ 2 x+fo/) nf=i ((z-* 2 ^) 2 -* 2 ?/ 2 ))- Any class in total degree 
4^, which is in negative external degree, may be written as xai = ciS + a/3hi(x,y, z) + a r jh2{x, y, z), 
where c\ is a constant and h\ and hi are linear combinations of classes of the type x nx y n '» ' z Uz where 
n x ,n y , n z € N such that n x + n v + n z = 2£ — 2 and therefore |x" x y n vz nz \ — Al — 4. For it to be 
closed we need 

i 
c\ol I I ((z -i i) -ij/) + z/3/ii + 27/12 — aa; /ii — a(y + 2zx)hi = 

i=l 

which can happen only if c\ = and all the coefficients in the linear combinations /ii,/i2 van- 
ish. Hence the only closed classes are in external degree zero. Clearly, all the classes of the type 
zx na: y ny z nz , where n x ,n y ,n z £ N and n x +n y + n z =21—1, are in the image of the differential d 
because d(ax n:c y ny z n *) = zx n *y nv z n * . It remains to check that all the classes of the type x k y 
are also in the image of d where < k < 2£, except the class xy if I = 1 (k = 1). Note that if k > 2 
then 

x k y 2l-k = ^2^-2^-fc = d (p x k-2 y 2t-ky 

If fc = 1 and £ > 2 then 

xy 2 "- 1 = xy 2e - 3 y 2 = -d(.Ty^- 3 ( 7 - 2as)). 

This shows that there are no classes in Tor in total degree At if i > 1 and there is only one, generated 
byxy, \il = l. □ 

Remark 5.7. There is a completely analogous story for the twisted case. The methods are exactly 
the same and they show that only the dimension of the generators g and h changes. In this case the 
cohomology ring of BG 1 was computed in [2] where the authors showed that 

(12) H*(BGl;Q) = Q[X,Y,T]/(f[((2i + l) 2 ( l -^^(X + Y) -Y) ^±^T 2 )). 

i=0 

The diffeomorphism BG\ c ~ BG® +1 _ c 1 _ c yields easily the cohomology ring of the blow up when 

C ^_ Ccrit- 

e 
H*{BG\ C ; <Q>) = Q[x, y, z]/(zl[(z - i 2 x + iy)(z - i 2 x - iy)). 

»=i 

Moreover, the map i* : F*(SG^;Q) -» i?*(BG^ jC ;Q) is given by (see Theorem [Bjj]) 

-£ >-* 2/(y - «) + f (7y + 7z - 3a:) 
Y i-> §(j/ -.t + z) 

T h^ 4z + 2j/ - 1. 
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Note that under this map, the relation in (|12|) is mapped to the product 

£+1 I 

z(z -(£+ \fx + (£+ l)y) TT(z - i 2 x + iy)(z - i 2 x - iy) 



i=l 



which is a multiple of the relation in the cohomology ring of BG'l c . 

This completes the proof of Theorem 15.11 

6. The minimal model of Emb^c, fx) 



D 



In this section, we compute the minimal model of the space Emb^(c, fi) of parametrised symplcctic 
balls. Unless noted otherwise, we assume that i = throughout and again omit the superscript °. 
Consider the fibration U(2) — » Emb w (c,/i) — ► SEmb^ (c, fi) . First observe that this fibration is the 
restriction to B c of the fibration Symp(M MjC ) — > Symp(M^) — > QEmb w (c, (j). This can be expressed 
by the following commutative diagram: 



Symp idA (M„) c Symp^ (2) (M Ml B c ) r 



U{2) 



Symp id < B <=(A/^ 



Symp(M M ) 



->■ Embuj (c, n) 



{Be} 1 - 



-s- 3Emb w (c,/i) 



3Emb u (c,/i) 



where restr is the restriction to the standard embedded ball B c C M^, Symp ' •'(M /i ,B c ) is the 
subgroup of Symp(M M ) formed of diffcomorphisms that preserve the ball B c and act in a E/(2) linear 
way on it, and Symp 1 ' c (M /i ) is the subgroup of Symp(A/^) formed of the elements that fix the ball 
B c pointwisc. Recall that there is a natural homotopy equivalence between Symp ^ 2 '{M^,B C ) and 
Symp(M AliC ), so the vertical fibration in the middle is equivalent to the fibration (2) of § 1, namely 
Symp(M MiC ) -> Symp(M M ) -> 3Emb w (c, /i) . 
We also have the commutative diagram: 



£7(2) 



Emb w (c, zi) 



17(2) 



UFr(M) 



-»-M 



3Emb w (c, jLt) — - 

where UFr(M) is the space of unitary frames of M, j is the 1-jet map evaluated at the origin 
(followed by the Gram-Schmidt process assigning a unitary frame to each symplectic one), and 
where the last horizontal map assigns to each unparametrised ball its center (well-defined up to 
homotopy). 

The minimal model for U(2) is A(uq, vq) where deg(uo) = 1 and deg(vo) = 3. We first show that 
the elements e, f,g,h £ 7r*(3Emb u (c, /z)) <g> Q lift to 7rH,(Emb w (c, /z)) ® Q, but not a, 6. However the 
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difference a — b does lift. On the other hand only the element vq injects in 7r* (Emb u (c, ft)) g) Q, the 
element uo is killed. 

Proposition 6.1. The rational homotopy o/Emb w (c, /x) is generated, as module overQ, by a single 
element h in dimension At, by one element g in dimension &£ — 1, by three elements v,e,f in 
dimension 3, and by a single element d a ^ in dimension 2. The elements h,e,f are the images by 
the restriction map of the elements w,x,y respectively. The element v is the image ofvo, d a j, is the 
unique lift of the difference d a j, := a — b and g is the unique lift of g if £ > 1. If £ = 1 the element g 
is well-defined up to a multiple of v. 

Proof. Consider the following commutative diagram of long exact sequences 

^ 7r fe (t/(2)) ® Q — ^> 7r fe (Emb w (c, fi)) ® Q -^ 7r fc (3Emb w (c, fi)) ® Q -^U- • ■ • 



-^ 7r fc ([/(2)) ® Q *- TT k {SFr(M)) ® Q ^ ir k {M) ® i 



Since 7T4i(M) ® Q vanishes, l*=4i(h) = 0, and therefore 9*(/i) = 0. Hence /0*=4f is an isomorphism 
between ^(Emb^c, /x)) ® Q and 7T4^(QEmb w (c, /tx)) (8 Q. Let's denote by /i the lift of /i. Since 
7T4^-i(f7(2)) and 7T4£_ 2 (J7(2)) vanish if £ ^ 1, it follows that the map p* = 4£-i is an isomorphism 
between 7T4^_i(Emb^(c, /x)) ® Q and 7T4£_i(3Emb w (c, /x)) ® Q. Let g be the lift of g. In that case, 
that is, if £ ^ 1 and for fc = 3, the short sequence 

7r 3 ((7(2)) ® Q i* 7T 3 (Emb w (c, /x)) ® Q £ 7r 3 (SEmb w (c, /x)) ® Q 

splits because 7T4(QEmb w (c, /x)) ® Q and 7r 2 ([/(2)) vanish. Let's denote by v the image of vo and by 
e, / the lifts of e, /; all are well defined. 
If £ = 1, for k — 3, the short sequence 

7r 3 ((7(2)) ® Q ^ 7 r 3 (Emb LJ (c, xx)) ® Q ^ 7r 3 (SEmb w (c, ft)) ® Q 

still splits because, as we saw, h is mapped to 0, and 7r 2 ([/(2)) vanishes. We still denote by v the 
image of Vq and by e, /, Ij the lifts of e, /, g. In this case, all are well-defined except g which is defined 
up to a multiple of the element v. Consider now the sequence 

- 7r 2 (Emb w (c,/x)) ® Q % 7r 2 (3Emb w (c, ft)) ® Q h tt 1 (C/(2)). 
The elements a, b are by definition such that they lift to discs 

^> b :^ 2 ^Symp(M;) 

with boundary equal to the elements x,y € 7Ti(Symp(M^ )C )) ® Q respectively. Therefore, their lifts 
to Emb w (c, fi) <8>Q are the 2-discs 

ij} a ,ipb ■ D 2 -> Emb w (c, fi) 

defined by ^p a ,b{z) = 4>a,b\B a - Hence their boundaries are the restriction of the loops x, y G 
7Ti (Symp(M M , S C ))®Q to the standard ball B c C A/ M . But each of these loops preserve B c (not point- 
wise) and correspond to the generator of 7ri(L/(2))®Q through the identification B 4 (c)(c M 4 ) — > S c . 
This proves that each of a and 6 is mapped to uq by the boundary operator of the above sequence. 
Denote by d a ,b the lift to 7r 2 (Emb w (c, fi)) ® Q of the element d a .b = a — b. 

Finally, the map <9* : 7r 2 (9Emb w (c, /i))®Q — ► 7ri(£/(2))®Q being onto, the space 7Ti(Emb (i) (c,/x))® 
O must vanish. D 
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Let's compute the minimal model of Emb u (c, (i). By the last proposition, a model of Emb w (c, fj.) 
is given by (A(d Q .h, e, f,g, v, h), do). By minimality, there is no linear term in the differential, so 
do(d ai b) = 0, while the constants (when £ > 1) in the expression 

d (e) = cid a 2 b , d (f) = c 2 d^ b d v = c 3 d£ b 

are given, by duality, by 

[d a ,b, da,b] = cie + c 2 f + C 3 V. 

When £ = 1 we have to consider also do(g) = c^d^ b . Denoting by p the projection Emb u (c, /j,) — > 
3Emb(c,/i), we have: 

p*{[d a ,b, d a ,b]) = [d a ,b, d a ,b] = [a - b, a - b] = [a, a] + [b, b] = e + f. 

Therefore c\ = Oi = 1 and C4 — (if ^ = 1), and we get [d ajb7 d a ^ b ] = e + / + C3V. Now any value 
of this constant leads to the same model, up to isomorphism. Indeed, since d$e = dof = d^ b and 

dov = c 3 d^ b , this means that e kills d Q 2 b and thus both / and v can be considered as cycles (up to 
a reparamctrization of the basis of the algebra). 

Finally, if £ = 1, the differential of h is given by the coefficient affecting the term h in the 
Whitehead products [d a ^ b ,e\, [d a b,f], [d ,b,g], [rfa,6j^]j while if £ > 1 we just need to compute the 
Whitehead product [d a ^,g]. Projecting on the base of the fibration, we see that all these coefficients 
must vanish, except for the coefficient q G Q in d$h = qd a ,bg. Indeed projecting [d a ,b,]f\ on the base 
we have 

P*([d a ,b,g\) = [d a ,b,g] = [a- b,g] = [a,g] - [b,g] = -qh, 

since [a, g] = and the differential d of the minimal model of QEmb satisfies dh = qbg for some 
q / 0, as seen in Lemma T5 .41 This shows that the differential of h is given by 

d h = -qd a ,bg- 

Denoting by /' and v' the elements / — e and v — c 3 e respectively, the sets {e, /',<?, v'} and 
{e, f',v'} form a basis of the 3-dimensional generators for the cases £ = 1 and £ > 1 respectively. 
These same methods apply also to the computation of the minimal model of Emb w (c, /1), that is, to 
the twisted case. So this proves the following: 

Theorem 6.2. If < /j, — £ < c < 1, a minimal model o/Emb^(c,/i) is given by 

A(Emb^(c,^)) = {A(d a! b,e,f',v',g,h),do) 

with generators of degrees 2, 3, 3, 3, 4£ + 2i — 1, 4£ + 2i and with differential defined by 

dod a ,b = d f = dog = d v' = 0, d e = d^ b and d a h = -~qd a ,bg 

where q is a non zero rational number. Then the rational cohomology ring o/Emb^(c, /1) is given by 

iT(Emt£(c, n);Q) = K{d a ,b, J',g, v',gh, . . .,gh n , . . . , d a , b h, ..., d a ,bh n , ■ ■ .)/<d 2 f6 , d a ,b9) 

where n G N (see the computation of this cohomology ring in corollary \7. Sty. 
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7. COHOMOLOGY RINGS 

It is easy to describe the cohomology ring of 3Emb^(c,/j) with rational coefficients. A careful 
comparation between the Serre spectral sequence of the fibration 

(13) 5 «+ 2l -i x ns u+2i+i _^ G^/G^ — > M'l 

(recall that G l ~ G° +1 _ c x _ c ) and Theorem 15. II gives the cohomology ring of 3Emb^(c,/j). 

Corollary 7.1. If < fi — £ < c < 1 the cohomology ring o/SEmb^c,^) wii/i rational coefficients 
is given by 

H*(tsEmbl(c,ri;Q) = A(a,b,g,gh,...,gh n ,...,bh,...,bh n ,...)/(a 2 ,b 2 ,bg), 

that is, 

H*(^Embl(c, f ,);Q)=H*(S 2 xS 2 ;Q)<E>A(g,gh,...,gh n ,...,bh,...,bh n ,...)/(bg), 

where n G N, b is a generator of H 2 (S 2 x S 2 ;Q), and g,h correspond to the generators of the 
cohomology ring H* {S it + 2i - 1 x VLS u+2l+1 - Q) w/iere |.g| = M + 2i - 1 and \h\ = 4£ + 2i. 

Proof. We give the proof for the untwisted case. The case i = 1 is analogous to this one; we leave 
its proof to the reader. The rational cohomology ring of the fiber is given by 

H^S 41 - 1 x nS 4e+1 ;Q) = K(g) ®Q[h}. 

We showed in the proof of Lemma [5.41 that 7J 4 (3Emb° (c, fj),Q) is one dimensional and that 
rk_ff 4f (3Emb°(c, /x),Q) = when £ > 1. This implies that in the S 2 -tcrm of the Serre spectral 
sequence of the fibration (Ti~3"|) the differential ^2/1 docs not vanish. This is clear when £ > 1 for 
dimensional reasons. When I = 1 if we had d^h = then h would survive to the Eoo page of the 
spectral sequence and, unless d^g = ab, we would have two generators in the cohomology group 
i7 4 (QEmb w (c, /i); Q), namely h and ab. However, it follows from the minimal model computation 
that rki? 3 (3Emb^(c, ff); Q) = 1 which implies that g is a permanent cycle and therefore d r g = 
for all r > 2. We can assume that d-zh = bg. Then the generators bh n and g/i n where n G N 
survive to the i^oo page of the spectral sequence. For all these generators, except for gh n when 
( = 1 and n G N, this follows simply for dimensional reasons since E VA = for all p > 5 and 
<7 > 0. When £ = 1 one knows from the computation of the minimal model of 3Emb w (c,/i) that 
rkif 4n+3 (3Emb w (c, /i);Q) = 1, and it is easy to verify that gh n , for each n, is the single element 
in dimension An + 3 that can survive to the -Eoo-page of the spectral sequence. This completes the 
proof. □ 

A comparation of Theorem 16.21 and the Serre spectral sequence of the fibration 

(14) U{2) — ► Emb^ (c, n) — ► 3Emb^ (c, fi) 
yields the cohomology ring of Emb^(c, //) with rational coefficients. 
Corollary 7.2. If0</j,-£<c<l then 

H*(Embl( Cl n);Q) £- A(6, /, v,g,gh, . . . ,gh n , . . . ,bh, . . . ,bh n , . . .)/(b 2 ,bg) 

where H*(U(2);Q) = A(u,v), |/| = 3 and a, 6, g, gh n ,bh n with n € N correspond to the generators 
of the cohomology ring o/SEmb^(c,/j). 



Proof. From the computation of the minimal model in Theorem 16.21 it follows that there is no 
generator in degree 1 in the cohomology ring of Emb^(c, fi) so, in the -E^-page of the Serre spectral 
sequence of the fibration (fi"4|) . the differential satisfies d^u 7^ 0. Therefore d2U is a linear combination 
of a and b. Notice that the minimal model computation also shows that there is no clement in degree 
4 in the cohomology ring. Hence the element ab in the i?2~page has to be in the image of d<i or 
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di. The computation of the minimal model implies that we need to have two generators of degree 
3 in the cohomology ring for all cases except when i = 1 and i = (in this latter case it has three 
generators). Hence v is a permanent cycle and we can choose d^u = a. Then one has d^ub = ab as 
desired and the clement ua survives to the E^ page. The element ua corrcponds to the generator 
/. The element g survives to the -E^-page since it is the only candidate that could represent the 
generator in dimension A£+2i — l that exists by the minimal model computation. It is not hard to see 
that the generators gh n also survive to the E^ page and they correspond to the generators gh n in the 
minimal model. Finally we see that the generators bh n cannot be in the image of d r with r > 2, so 
they also survive to the Eoo page. Moreover they correspond to the elements s n = h n ~ l (hd a ,b+nqeg) 
in the minimal model, where n G N, which clearly satisfy dos n = 0. □ 



Remark 7.3. Notice that this cohomology ring is equivalent to the one given in Theorem 16.21 In- 
deed the difference between the two is that, here, we use the generators of the cohomology ring of 
QEmb^(c, p) to describe the ring while, there, we used the generators of the minimal model. 

7.1. The split case with 1 < /j, < 2. Recall from section lB.l.ll that if /x lies in this interval we have 
the following fibration 

(15) ft£ 2 SO(3)/OS 3 — U- Gl/G^ c — ^ S 2 xS 2 ■ 

One can compute the cohomology ring of the space 3Emb° (c, fi) with Z p coefficients and p prime, 
using this fibration. Let Fz [x] denote the divided polynomial algebra on the generator x. This is, 
by definition, the Z p -algebra with basis xo = 1, X\,x%, . . . and multiplication given by 

. _ fi + A i+j 

•-O <f. J- 1 ') I I iXj 1 

V * / 

As one can check, there is an isomorphism 

T Zp [x) k Z p [x 1 ,x p ,x p 2, . . .]/{a%,a£,a? 2 ,. ■ ■) =^'^p[x p i\/{x p i ) 



i>Q 



Corollary 7.4. If0</j,— 1<c<1 and p^2 then 

i/*(SEmb° (c, n); Zp) = A(o, b, g)/(a 2 , b 2 , bg) ® gT Zp [h] ® bT Zp [h] 

where \a\ = \b\ = 2, \g\ = 3, \h\ = 4 and tT% [h], with r = g or t = b, stands for the infinitely 
generated algebra in which r commutes with every element. 

Proof. First notice that the fiber J7S 2 SO(3)/515' 3 is equivalent to the space S 3 x £IS 5 away from the 
prime 2. Therefore we get 

H*(riZ 2 SO(3)/nS 3 ;Z p ) = A(g) ® T Zp [h], 

where p =/= 2, \g\ = 3 and \h\ = 4. The same argument as the one in the proof of the Lemma |5.4[ 
using the Eilcnbcrg-Moore spectral sequence, shows that 7J 4 (9 ! Emb w (c, /x); Z p ) is one dimensional if 
p ± 2. Since rki7 4 "+ 3 (3Emb° (c, /x);Q) = l where n E N it follows that ff 4 "+ 3 (3Emb° (c, fi);Z p ) 
is at least one dimensional. Then using again the Serre spectral sequence of the fibration (| 1 5[) and 
an argument similar to the one used in corollary 1 7. II we obtain the desired result. □ 

Next, we will see that 3Emb° has Z2-torsion and therefore the cohomology ring with these 
coefficients is not as simple to describe as the previous ones. 

Corollary 7.5. When 0</i— 1 < c < 1, the cohomology groups with Z2 coefficients of the space 
3Emb w (c,/i) are given by 

(16) ir(3Emb°(c,/i);Z 2 )=ir(S' 2 x 5 2 ;Z 2 ) ® iT (£ffi 2 SO(3)/£lS 3 ;Z 2 ) 
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(as vector spaces). Moreover, as an algebra 

ff*(Sl£ 2 SO(3)/SlS 3 ; Z 2 ) = T(w 2 , w 3 , w 4 ) ®t(™ 2 ) ^ 2 

where T denotes the tensor algebra, that is, the free noncommutative algebra on the generators u>i 
with degrees \wi\ =i. Therefore the cohomology ring o/3Emb w (c,/j) with Z 2 coefficients is given by 

jr(9fEmb°(c,//);Z 2 ) = H*{S 2 x S 2 ;1 2 ) ® A 
where A has an infinite number of generators. 

Proof. Since the inclusions SIS 3 ^ Sl£ 2 SO(3), G° >c <-> G° and S 1 x S 1 x S 1 ^ S 1 x SO(3) x SO(3) 
induce injective maps in homology with Z 2 coefBcients, it follows from the Lcray-Hirsch Theorem 
that we have the following isomorphisms as vector spaces 

iT (Sl£ 2 SO(3); Z 2 ) 2 iT (S1£ 2 S0(3)/S1S 3 ; Z 2 ) <%> H*(nS 3 ; Z 2 ), 

H*(Gl; Z 2 ) = H*(Gl/Gl c ; Z 2 ) ® F*(G° >C ; Z 2 ) and 

H^S 1 xSO(3) xSO(3);Z 2 )=iJ*(5 2 x S 2 ;Z 2 ) ® iT^S 1 x S* 1 x^jZj). 

Moreover, since the fibrations tt : G° -> S 1 x SO(3) x SO(3) and 5r : G°. c -^ S 1 x S 1 x S 1 arc 
(weakly) homotopically trivial, we obtain the following isomorphisms as graded algebras 

iT(G°;Z 2 ) 2 H^S 1 x SO(3) x SO(3);Z 2 ) ® iT (Sl£ 2 SO (3) ;Z 2 ), 

iJ*(G° :C ; Za) = #* (S* 1 xS'x S 1 ; Z 2 ) <g> H*{flS 3 ; Z 2 ). 
The five previous isomorphisms yield the isomorphisms 

(17) #*(G°/G° iC ; Z 2 ) 2 iT (S1£ 2 S0(3)/S1S 3 ; Z 2 ) <g> i7*(5 2 x S 2 ; Z 2 ) 

as vector spaces, that is to say (fT6l) . 

It follows that the homomorphism F* is surjective and the Serre spectral sequence of the fibration 
(fl~5|) collapses at E 2 . Therefore 

E*^* = E* 2 '* S! iT (S1£ 2 S0(3)/S1S 3 ; Z 2 ) ® i7*(^ 2 x S 2 ; Z 2 ) 

as bigraded modules. But this does not directly shows that the isomorphism (fl7|) also holds as a 
graded algebra isomorphism. However, it is clear that H* (G®/G® c ; Z 2 ) has a subalgebra ff* (if* (S 12 x 
S 2 ;Z 2 )) = H*(S 2 x S* 2 ;Z 2 ). Although it is not easy to describe the Z 2 -cohomology of the space 
ilS 2 SO(3)/i!5 3 , one can calculate its Z 2 -homology. For this, recall that the homology of S1EX, 
with its Pontrjagyn product, is the free tensor algebra on the homology of X for any connected 
space X. Hence the map SIS' 3 — > Sl£ 2 SO(3) corresponds to the obvious inclusion of tensor algebras 
over Z 2 : 

T(w 2 ) -* T(w 2 ,w 3 ,W4) 

where T denotes the tensor algebra and \wi\ = i. The Bar spectral sequence for a principal fibration 
can then be applied to give 

ii»(Sffi 2 SO(3)/SlS 3 ; Z 2 ) = T(w 2 , w 3 , w A ) ® T{W2) Z 2 , 

as Hopf algebras, where T(w 2 ) acts by product on the left factor and by mapping w 2 to the zero map 
on the right factor. In [9] the reader will find the necessary results on the Bar spectral sequence (cf. 
Theorem 4.2) and further references. By a simple counting argument, since this is a non-commutative 
algebra, the (graded-commutative) cohomology ring iJ*(fiI] 2 SO(3)/SlS' 3 ; Z 2 ) must have an infinite 
number of generators. From the E 2 page of the spectral sequence of the fibration (|15p we can then 
conclude that 

H*(G°JGl c ; Z 2 ) 2 H*{S 2 x 5 2 ; Z 2 ) ® A, 
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as graded algebras, where A has an infinite number of generators, but it is not necessarily isomorphic 
as a graded algebra to H *(Jffi 2 SO(3)/51S' 3 ; Z2). This isomorphism completes the proof. □ 

There is a similar picture for the cohomology ring of Emb w (c, p,) with Z p coefficients and p prime. 
Corollary 7.6. IfO</j, — l<c<l and p ^ 2 then 

F*(Emb°(c,M);Z P ) S A(b,f,g,v)/(b 2 ,bg) ® gT %p {h] ® bT Zp [h], 
where tT% [h] , with r = g or r = 6, stands for the infinitely generated algebra 
7L V [rhi ,..., rhl" 1 , rh p ,..., rh^' 1 , rh p 2 , . . . , rh 1 ^ 1 , ■ ■ ■) 
where the generators hi are the generators of the divided polynomial algebra Y% [h] . 

Using this corollary and the Serre spectral sequence of fibration [TJJ we get 
Corollary 7.7. //0</i-l<c<l then 

H*(Emb Jc,[i);Z 2 ) = A(b,f,v)/(b 2 )®A' 
where the algebra A' has an infinite number of generators. 



Appendix A. Integrable complex structures and homotopy decomposition of -BG^ c 

A.l. Spaces of compatible integrable complex structures. Let (M,ui) be a symplectic 4- 
manifold. Denote by J^ the space of compatible almost complex structures and by T u the subset of 
integrable ones. Given an integrable J, we write Hy q (M) for the q th Dolbeault cohomology group 
with coefficients in the sheaf of germs of holomorphic functions, and Hj q {TM) for the q th Dolbeault 
cohomology group with coefficients in the sheaf of germs of holomorphic vector fields. 

In their paper [2J, Abreu-Granja-Kitchloo prove that, under some cohomological conditions, X w 
is a genuine Predict submanifold of J^ whose tangent bundle may be described using standard 
deformation theory, namely 

Theorem A.l ([2j Theorem 2.3). Let (M,ui) be a symplectic 4-manifold, and let J £ I w . If 
the cohomology groups Hf (M) and H f (TM) are zero, then X u is a submanifold of J w near J. 
Moreover, the tangent space ofl^ at J is naturally identified with Tj ( (Diff (M) • J) nl u )® Hj (TM). 
Here, Hy (TM) represents the the moduli space of infinitesimal compatible deformations of J in I u 
that coincides with the moduli space of infinitesimal deformations of J in the set of all integrable 
structures T. 

The actions of various natural subgroups of Diff (M ) on I give rise to different partitions of X w . 
Let Diff l,] denote the group of diffeomorphisms of M preserving the cohomology class [uj] and write 
Holr w i(J) for the subgroup of complex automorphisms of (M,J). Let Iso(oj,J) denote the Kahler 
isometry group of (M, w, J). The next result shows that in some cases the part of the Diff[ w ]-orbit 
of J that lies in X w may be identified with the Symp(M, w)-orbit: 

Theorem A. 2 ([5] Corollary 2.6). If J £ I u is such that the inclusion Iso(w, J) ^ Hol[ w ](J) is a 
weak homotopy equivalence, then the inclusion of the Symp(M,u>) -orbit of J in (Diffr^i • J) C\T U 

Symp(M,w)/Iso(u;, J) ^ (Diff M • J) nl, 

is also a weak homotopy equivalence. 
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Recall that the natural stratifications of J(MV) and J(M % c ) described in Section [2] are defined 
geometrically in terms of J-holomorphic curves in certain homology classes. The restriction of 
each stratum to integrable compatible complex structures can be understood as follows. Given a 
symplcctic manifold (M, w), let us denote by M(A, J J) the space of pairs (u, J) G C°° (CP 1 , M) x J^ 
such that u : CP 1 — > M is a somewhere injective J-holomorphic map whose image represents the 
homology class A. This space is always a smooth manifold whose image Ua under the projection 
ir : M.(A,J U ) — ► Ju is the set of all J such that A is represented by an irreducible J-holomorphic 
sphere. The next proposition gives conditions ensuring that the stratum U a is tranversal to X u and 
that its normal bundle at j£l u may be described in terms of deformation theory 

Theorem A. 3 ([2] Theorem 2.9). Let (M,oj,J) be a Kahler A-manifold such that the cohomol- 
ogy groups Hy (M) and Hy (TM) are zero. Suppose that (u, J) G M.(A, J^) is such that u* : 
Hy (TM) — > H ' (u*(TM)) is an isomorphism. Then the projection it : A4(A, J7 W ) — > J^ is tran- 
versal at (u, J) to T^ C Jui and the infinitesimal complement to the image Ua of it at J can be 
identified with the moduli space of infinitesimal deformations H f (TM) 



A. 2. The case of rational ruled surfaces. It is classical that given any k > and a com- 

rU> both H °y?( M ti 



patible integrable complex (Hirzebruch) structure Jt in the fc th stratum J % k , both Hy (M l ) 



and Hy (TM*) are zero. Moreover, for any J G T % f. '.= Jl f. H T 1 and a J-holomorphic map 
u : CP 1 —* (M % , J) ~ Ffc representing a section of negative self-intersection, the induced map 
u* : H Q /(TM) -> H°' l (u*(TM)) is an isomorphism. By theorems lATTl and [Ol it follows that the 
restriction of the stratification of J* to the integrable complex structures T 1 defines a stratification 
of I 1 , and that the strata in both stratifications have normal slices isomorphic to moduli spaces of 
infinitesimal deformations. Now, it is also well known that Hol(Jfc) retracts on Iso(w, Jk) = Kk- 
Consequently by theorem IA.21 the symplcctic orbit G* ■ Jk is weakly homotopy equivalent to the 
intersection (Diff[ w ] • J) nl u . Finally, because any two integrable complex structures belonging to 
the same stratum are in the same Teichmiiller class (that is, there exists a <fi G Diffo sending one to 
the other), each stratum is weakly homotopy equivalent to a symplectic orbit: 

2j ifc = (Diffo -J k )nl^Gi/K k 

Therefore, the actions of G l on the spaces J % and T 1 are homotopically equivalent. In particular, 
the total space T 1 is weakly contractible and one may compute the homotopy type of G* using the 
homotopy pushout diagram 

(18) G;x^^ +2 - 3 ^-Gi/Ke 



where as usual £ < fi < £ + 1. As explained in [2], the action of Kk on the normal slice Hy (TM*) 
may be determined either directly (i.e. by looking at the action of Kk on Cech cocycles associated 
to an open cover) or by applying the Atiyah-Bott fixed points formula to compute the character of 
the virtual representation of Kk on the cquivariant elliptic complex 

n°;°(TM;) -> ^(tm^ -> o°; 2 (tm^). 

This gives 

Theorem A. 4 ([2j Theorem 4.1). If k is even, the representation of Kk on Hy (TM*) is given by 
det ®sym' i:_2 (C 2 ), where det represents the standard representation of S 1 , and sym fe_2 (C 2 ) denotes 



SPACE OF SYMPLECTIC BALLS 28 

the k — 2 symmetric power of the canonical representation o/SO(3) = SU(2)/ ±1 on C 2 . Similarly, 
if k is odd, we get the representation det - (g)sym fc ~ 2 (C 2 ) 7 where det denotes the determinant repre- 
sentation o/U(2) and sym (C 2 ) denotes the k — 2 symmetric power of the canonical representation 
o/U(2) onC 2 . 

In particular, the representation of K k on H j (TM l ) is independent of /i > k. Consequently, an 
easy induction argument over the number of strata shows that 

A. 3. Blow-ups of rational ruled surfaces. We now show that similar results hold in the case of 
the symplectic blow-ups M* >c , for all values of (j, and c E (0, 1). In particular, we no longer assume 
tnat c -^ c cr j£ . 

Lemma A. 5. For any J E T 1 c , the cohomology groups Hj (M* c ) and H f (TAP c ) are zero. 

Proof. (See also [TU] §5.2(a)(iv) p. 220.) Without loss of generality we can suppose that i = 0. 
Because the exceptional class E is symplectically indecomposable, it is represented by an embedded 
J-holomorphic exceptional sphere that can be blowcd down (in the complex category). This shows 
that any compatible complex structure on M" c is obtained by blowing-up a Hirzebruch structure 
on MlJ. Now, for any Kahlcr manifold (X, J) of complex dimension n, the Hodge numbers h p,q :— 
TkH^' q (X) satisfy h n ~ p ' n ~ q — h p,q — h q ' p . Since the Hodge numbers h p '° are birational invariants, 
it follows that 

rkl# 9 (fi* ) = h 2 >°(M^ c ) = h*>\Ml) = 0. 

As for Hj 2 (TM° c ) := H 2 (TM° C ), Serre duality implies that H 2 (TM° C ) V ~ H°(]C ® fl 1 ). Now, 
M° c contains a real two-dimensional family of embedded rational curves of zero self-intersection 
(the fibers) which cover a dense open set, and the restriction of the rank 2 bundle K. <8> ft 1 to any of 
those curves is isomorphic to 0{— 4) © 0(—2). Hence, A^ (g) SI 1 cannot have a nontrivial holomorphic 
section. □ 

Lemma A. 6. Each stratum X 1 k is covered by the Teichmilller orbit, that is, for any pair Jo, Ji E 
T 1 c k , there exists a <j> E Diff (M) such that J\ = </>» Jo- 

Proof. Given a pair Jo, Ji £l" cl , the class 25 is represented by Ji -holomorphic exceptional curves 

Si that are symplectically isotopic. So, we may assume that So = Si. By blowing down (M, S, J,), 
we get two complex structures on the same underlying marked 4-manifold (M,p, Ji). The unmarked 
complex surfaces are both isotopic to the Hirzebruch surface F&. Note that any such isotopy sends 
p to the zero section sq of F&. The statement follows from the fact that the identity component of 
the complex automorphism group of F& (which is isomorphic to the semi-direct product PSL(2; C) x 
(C* x H (CP 1 ;O(k)) ) acts transitively on s , see [8]. □ 

Lemma A. 7. The inclusion lso(cu,Jk) ^ Holr w i(Jfc) is a weak homotopy equivalence. 

Proof. This follows from the corresponding statement for the Hirzebruch surfaces. □ 

Lemma A. 8. Let ¥ m= 2k — S 2 x S 2 denote the blow-up of the Hirzebruch surface ¥ m at some point 
p. Let C be the unique embedded rational curve representing either B — kF or B — kF — E (depending 
on whether p lies outside the zero section of ¥ m or not), and denote by u : C — > F m its inclusion. 
Then the induced map u* : iJ 0,1 (TF m ) — > H°' 1 (u*(T¥ m )) is an isomorphism. 
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Proof. Consider the exact sequence of sheaves associated to the inclusion u : C — > F m 

-» 0(-C) -► o fm -^Oc^O 

Tcnsoring with T¥ m we get the short exact sequence 

-> O(-C) ® TF m -» TF m -» Oc ® TF m -» 
whose associated cohomology sequence is 

► F x (F m ;TF m ) % if ^P 1 ; u*TF ro ) -► # 2 (F ro ; 0(-C) ® T¥ m ) - • • • 

The sheaf 0(-C) ® TF m being locally free, Scrrc duality implies that # 2 (f m ; 0(-C) ® TF m ) ~ 
J ff°(F m ; 0(C) ® TF^ ® ^ T fJ- But, since C • F = 1, the restriction of 0(C) (g> TF^ <g> tf^ to 
any fiber F is isomorphic to 0(1) <g) (0(-4) © 0(-2)). It follows that 0(C) (g> TF^ (g> .fi^ has no 
nontrivial sections and, by duality, that H 2 (F m ; 0(-C) (g) TF m ) = 0. D 

Corollary A. 9. The action o/Symp(M* c ) on J? c is homotopy equivalent to its restriction toX 1 . 

Corollary A. 10. The space T l c of compatible integrable complex structures of M l c is contractible. 

Appendix B. Algebraic computations 

B.l. Conventions. In order to carry the computation of the cohomology ring of BG* c , we follow 
the conventions used in [2] and [3] : 

(1) Let T 4 C U(4) act in the standard way on C 4 . Given an integer n > 0, the action of the 
subtorus T 2 := (ns + t, t, s, s) is Hamiltonian with moment map 

(zi, . . . ,z 4 ) •-> (n\ Zl \ 2 + \z 3 \ 2 + |z 4 | 2 , \zi\ 2 + \z 2 \ 2 ) 



We identify M" = (S 2 x S 2 ,[io-®a) with each of the toric Birzebruch surface ¥% k , < k < £ 
(where as usual £ < \x < £ + 1), defined as the symplectic quotient C 4 //T 2 k at the regular 
value (/i + k,l) endowed with the residual action of the torus T(2k) := (0, u, v, 0) C T 4 . The 
image A(2fc) of the moment map 4>2k is the convex hull of 

{(0,0),(l,0),(l,/i+A;),(0,M-fc)} 

Similarly, we identify M^ = (S 2 xS 2 7 lu^) with the toric Birzebruch surface ¥^ k _ 1 , 1 < k < I, 
defined as the symplectic quotient C 4 " //T^ k _ 1 at the value (/i + k, 1). The moment polygon 
A(2fc — 1) := 4>2k-i(^2k-i) °f the residual action of the 2-torus (0, u, v, 0) is the convex hull 
of 

{(0,0),(l,0),(l, M +fc),(0,M-fc + l)} 

Note that the group Syrup^ (M M ) of symplcctomorphisms acting trivially on homology being 
connected, any two identifications of F^ with M % are isotopic and lead to isotopic identifi- 
cations of Symp h (F^) with Symp(M*). 
(2) The Kahlcr isomctry group of F£ is N(T 2 )/T 2 where N(T 2 ) is the normalizcr of T 2 in U(4). 
There is a natural isomorphisirfl N(T )/T 2 ~ SO(3) x SO(3) := K(0), while for k > 1, we 



In the untwisted case, we assume fi > 1 so that the permutation of the two S 2 factors is not an isometry. 
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have N(T% k )/T 2 k ~ S* 1 x SO(3) := K(2k) and A^V-J/Tf^ ~ U(2) := K(2k - 1). The 
restrictions of these isomorphisms to the maximal tori are given in coordinates by 

(u,v) i-> (-u,v) G T(0) := S'xS'c K(0) 

(u, v) i-> (it, fcu + u) G T(2fe) := S" 1 x S 1 C K(2k) 

(u, v) i-> (it + w, few + - ]» G T(2fe - 1) := 5 1 X S 1 C A'(2fc - 1) 

These identifications imply that the moment polygon associated to the maximal torus T(n) = 
S 1 x S 1 C K{n) is the image of A(n) under the transformation C n G GL(2, Z) given by 

-1 0\ /l 0\ /1-fe 1 

lj 62fc - Ufc lj 6 2fc"l- fc _1 



(3) We identify the symplectic blow-up M® c with the equivariant blow-up of the Hirzebruch 
surfaces F£J for appropriate parameter /i and capacity c € (0, 1). 

(a) We define the even torus action T(2k) as the equivariant blow-up of the toric action of 
T(2k) on Fjj, at the fixed point (0,0) with capacity c. 

(b) The odd torus action T(2fe — 1), k > 1, is obtained by blowing up the toric action of 
T(2fc — 1) on ^2k-i at tne nxe d point (0, 0) with capacity 1 — c. 

Our choices imply that under the blow-down map, T(n) is sent to the maximal torus of 
K(n), for all n > 0. Again, because Symp(Af° ) is connected (see [T3l Hi]): all choices 
involved in these identifications give the same maps up to homotopy. Note also that when 
c < c cl -it := /x — £, M° admits exactly 2^+1 inequivalent toric structures T(0), . . . , T(2£), 

while when c > c cr it, it admits only 2£ of those, namely T(0), . . . , T(2^ — 1). Note that the 
free variable n indexing these objects corresponds to the free variable j indexing the strata 
in § 2.4. 

(4) The cohomology ring of BT{n) is isomorphic to Q[x n ,y n ] where \x n \ = \y n \ = 2. Wc 
identify the generators x n , y n with the cohomology classes induced by the circle actions 
whose moment maps are, respectively, the first and the second component of the moment 
map associated to T(n). Geometrically, y n is induced by the lift to M° c of a rotation of 
the base of M° while x n is induced by a rotation of the fibers. Note that since we work 
only with topological groups up to rational equivalences, we will also denote by {x n , y n } the 
generators in 7TiT(n) and in tt2BT(ti). 

B.2. The isotropy representation of T(n). 

Proposition B.l. The character of the representation ofT(n), n > 1, on H ' (TM* ) is given by 

„. . [ x(y k - 1 + ■ ■ ■ + y-( k -V) ifn = 2k-l. 
Kin) — < 

[x(y k + ■ ■ ■ + y ) ifn = 2k. 

Consequently, the equivariant Euler class of the representation is 

f(x + (k-l)y)(x + {k-2)y)---(x + (l-k)y) ifn = 2k-l, 
\{x + (k - l)y)(x + {k - 2)y) ■ ■ ■ (x - ky) ifn = 2k. 

In particular, e n G H*(BT(n); A) is nonzero for any coefficient ring A. 

Proof. Following [2], we compute the character of the virtual representation of the group H(n) of 
holomorphic automorphisms of M l c on the equivariant elliptic complex 

o - o°-°(Tii7; c ) - n°>\TMl c ) - fi^(™; c ) -. o 
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using the Atiyah-Bott fixed point formula applied to the maximal torus T(n) C H(n). Note that 
since H°> 2 (TM^ C ) = 0, the index computes the character of H°>°(TM^ C ) - H°' 1 (TM* iC ). Note also 
that the action of H{n) on H°'°(TM l c ) ~ Lie(H(n)) is isomorphic to the adjoint representation. 

In the even case n = 2k > 2, the isotropy weights (u>i, W2) of the toric action at the 5 fixed points 
{Pi} are 





Pi 


pi 


P3 


P4 


Pb 


W\ 


y k /x 


1/1/ 


y k x 


y 


y k+1 /x 


w 2 


y 


\jy k x 


Vl/ 


x/y k+l 


x/y k 



Writing ctj for the elementary symmetric polynomials in two variables, the index of the virtual 
representation is given by 

U\ {W\ , W2 )CT2 (w\ , W2 ) 



(19) 



(20) 



Z(2*)=E" 



(1 - iui)(l - w 2 ) 



xy 



fc-i 



.-fc"i 



y 



Since the number of negative terms, 2fc, is equal to the (complex) dimension of H > {TM l c ), it 
follows that the character of the isotropy representation is given by the negative part of the above 
formula, that is, 

«(2fc) = xtf- 1 + ■ ■ ■ + y- k ), 
Similarly, in the odd case n — 2k — 1 > 1, the isotropy weights (iVi, w%) of the toric action at the 5 
fixed points {pi} are 





Pi 


P2 


P3 


PA 


P5 


Wi 


x k jyk+1 


x k-l jyk 


y/x 


x k jyk-1 


x/y 


w 2 


y k /x k ~ 1 


x/y 


yk-l j x k 


y/x 


yk+l j x k 



and the index computation shows that the character of the representation H°- • {TM l c ) is 



n{2k - 1) = y [ ( - 



fc-i 



1-fcN 



In both cases, the computation of the cquivariant Euler class follows by naturality. 



D 



From the Gysin exact sequence of the fibration (5 2 



>hT{n) 



BT(n), we immediately obtain 



Corollary B.2. The rational cohomology of (S 2n x ) h f, •, is isomorphic to Q[x ni y n }/ (e n ) . 

B.3. The cohomology module H*(BG®;1<). The homotopy decomposition of BG® c in Theo- 
rem [23] yields a pullback diagram 



(21) 



H *({S 2m - l ) h f< m v A 



H*(BG%-,A) + 



H*{BT(m);A) 



H*(BGl c ;A) 



where m is the index of the last stratum of J® c , and where 

, _ \£ + c if c < c crit 

\t if C > C crit 



SPACE OF SYMPLECTIC BALLS 



:S2 



(here I is the lower integral part of \jl) so that G°, c is the group associated with a stratification 
having one less stratum. Because the map 7r* is surjective, the associated Mayer- Vietoris sequence 
splits into the short exact sequence 



-► H*{BGl c -A) -» H*{BGl, c ;A)®H*{BT{m);A) -» H* ((5 2m " 1 )^ 



'hT(m) 







which reduces to the short exact sequence 

-» (e m > = £ des ^F*(Bf ( m ); A) 



ff*(BG° jC ;A)^i/*(i?G^ c ;A)^0 



where S" stands for the n-fold suspension of graded abelian groups. Both sequences split over any 
field coefficients and, because all their terms are finitely generated, it follows that they also split 



over Z. For I = we have H*(BG^ t 
Theorem B.3. As a module, 



;Z) 



H*(BT(0);Z) and, by induction, we get 



iP(BG° iC ;Z) -0S 2, iJ*(BT 2 ;Z) whe 



i=0 



1J C ^1 Ccrit 
7 C\ C-crit 



In particular, H*(BGj lc ;Z) is torsion free. 



B.4. The rational cohomology ring H*{BG® C ;Q). We know from Theorem 12.21 that the map 



'/',« 



SG" 



BFDiff, induces a surjection in rational cohomology, and wc know from Sec- 



tion [3J] that there is a rational homotopy equivalence BFDiff, ~ B(S 1 x S 1 x S 1 ). It follows that 
H*{BG l l c ; Q) ~ Q[x, y, z]/i? M)C where i? MiC is the kernel of ip* c , and where the three generators x, 

y, z are of degree 2. Now, the homotopy decomposition of BG® c yields, at the rational cohomology 
level, an extended pullback diagram 



(22) 



[•Emi Urn]/ \^m) 



<[x,y,z]/Rn>,t 




x,y,z\ 



So, in order to compute the ideal -fi^c, one has to understand the maps ip* : Q[x, y, z] — > Q[x n , y n ] 
for all n > 0. For that, it is enough to consider the relations in 7riFDiff* between the generators of 
7TiT(n). We first observe that when /j, > 1, the maps T(n) — > G° c — > FDiff* induce injective maps 
of fundamental groups. Then, from the classification of Hamiltonian T 2 -actions and Hamiltonian 
S^-actions on 4-manifolds, it is easy to see that 



Lemma B.4. In 7Ti(G° c ) ~ 7TiFDiff*, for all admissible values k, k' > 1, we have the identifications 

V2k = kx + y 
k'x 2 k - J/2fc = kx2k' - V2k' 
kx 2 k + V2k = (k + l)x 2 k-i 
(k - l)x 2 k'-i + kysk'-i = (I - l)aJ2*-i - 
xi=yo- x 



- ky 2 k-i 
k'y 2 k-i 
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Proposition B.5. Let V>* : H * (BFDiff * ; Q) -» H*{BT{n);Q) ~ Q[x n ,y n ] be the map induced in 
cohomology by the inclusion BT(n) — > BFDiff*. Given w G iJ* (BFDiff*; Q) corresponding to any 
element of the fundamental group, define (a„, b n ) by setting "0,* (u>) = a n x„ + b n y n . Then, for k > 1, 
we have 

a 2 k = ka 2 + (k- l)a b 2 k = ka a + b a 

a 2 k-i = -ka Q + b b 2k ~i = ka 2 + {2k + l)a - b 

which shows that the coefficients {ao,bo,a 2 } determine w and ijj^(w) for all n>0. 

Proof. Let (s,t) : S 1 — > T 2 stands for the inclusion 6 i— » (s8,t9). Each relation in lemma [B~4l gives 
rise to a relation in cohomology by looking at the induced commutative square. For instance, the 
first two relations yield 



(M) 

Q[xo,yo] 



(0,1) 



i[x 2 k,y2k\ 
Q[x,y,z\ 



<//. 



(k,-i)* 



Q[x 2k ,y2k] 



v'h 



l[x 2k ',V2k'} 

i 

$2k< 

Q[x,y, 



from which we immediately get b 2 k = kao + bo for k > 0. Setting k' = fc + 1 in the second relation, we 
obtain the recursive formula a 2 k = ka 2 + (k — l)ao, for k > 1. In the same way, one gets a recursive 
formula for the coefficients (a2fc-i>&2fc-i) ; n > 1, by setting k' = k + 1 in the forth relation. Then, 
one obtains explicit formulae for all coefficients, in terms of {ao, bo, a 2 } only, by using the remaining 
two relations. □ 

We can define an explicit isomorphism H* (BFDiff* ; Q) ~ Q[x,y,z] by choosing x,y,z as the 
elements corresponding to the parameters {ao = 0, bo = l,a 2 = 0}, {ao = — 1, &o = 0, a 2 = 1}, and 
{ao = 0, bo = 0, a 2 = 1} respectively. 

Corollary B.6. Let {x,y, z} be the generators of H* (BFDiff *; Q) defined above. Then the maps 
■0* are given by the formulae 

^o(x)=yo $o(y)=-zo ■0o( z ) = ° 



and, for k > 1 , 

^2k( X ) = V2k 

i$k(y) = x 2k -ky 2k 

^2k( z ) = kx ^k 

Their kernels are the ideals 



i4k-l( x ) = x 2k-i -yik-\ 
i4k-i(v) = kx 2k-i ~(k+ l)j/2fe-i 

^2fe-l( Z ) =%2fc-l 



k 2k = (z - k 2 x - ky) 
k 2 k-i = {z - k 2 x + ky) 

Theorem B.7. Given fx > 1 and c G (0, 1), the rational cohomology ring of BG° c is isomorphic to 

®l x jy,z} 
Rfj.,0 

where x,y, z have degree 2, and where the ideal R^, c is given by 



^[l.C 



(z(z — x + y){z — x — y) ■ ■ ■ (z — £ 2 x + £y)} 



in the case c > c cr it, 



(z(z — x + y){z — x — y) ■ ■ ■ (z — £ 2 x + £y){z — £ 2 x — £y)) in the case c < c cr u. 
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Proof. The proof is by induction on the number to of strata in J7^ c . Fix some c G (0,1). Then 
the case m — 1 corresponds to \x = 1 (hence I = 0, c cr i t = 1)- But it is proved in [T3] that G? c 
retracts onto T(0), so the result holds in that case. Now assume the statement is true for some 
jj! > 1 for which there are m — 1 strata and consider a /i > // for which J7° c contains to strata. 
The diagram (|2"2")l implies that 7? MjC C -R^e H fe m . Since R^> jC and fc m are coprime, it follows that 
Ru'.c H fc m = -R M ', C • fcm- By Theorem IB. 3[ the first relation in H*(BG^ C ;Q) must occur in degree 

□ 



2to so that i? 



i? L 



The statement follows. 



B.5. The map H*{BG l 



H*(BG 



M> c ' 



The map BG° U -> BFDiff defined in Theorem O 



induces a surjective map in rational cohomology. The rational equivalence BFDiff ~q B(S 1 x 
SO (3) x SO(3)) allows one to choose generators of H* (BFDiff; Q): let T be the generator of degree 2 
corresponding to the S 1 factor, and denote by X and Y the two generators of degree 4 corresponding 
to the two SO(3) factors. Then, the rational cohomology of BG® is given by 



H*{BGl 



, Y, T]/(tY[(T 2 + i 4 X - i 2 Y)), where \T\ = 2 and \X\ = \Y\ = 4. 



Theorem B.8. The map i* : H*(BG°; 



H*{BG" 



is given by 



Fhi/ 2 ! 2xz 
T t-^ z. 

Proof. Let denote by A 2 k and -X^fc, fc > 1, the generators of degree 2 and 4 in the rational cohomology 
of BK{2k) ~ S(S' 1 x SO(3)). When fc > 1, the torus f(2k) maps to the maximal torus 5 1 x 5 1 C 
K(2k) ~ S* 1 x SO(3). At the cohomology level, it follows that we have 



A 2k 

X 2 k 



X 2 k 

vlk 



where A 2k and X 2fc are the generators of H 2 {B{S 1 x SO(3))) and H i {B{S 1 x SO(3))). Let consider 
the diagram 



H*(BT(2k)) 



t'2A 



#* (.BFDiff ») 



</ ; 2A- 



#* (BFDiff) 



H*(BK(2k)) 
It was shown in [2] that the map ip2k verifies 

r 2k (T) = kA 2k 
r 2k {x) = x 2k 
r 2k (Y) = A 2 k + ex 2k . 

Consequently, for the diagram to commute we must have 

z 



P(X) 
P(Y) 



y 2 + 2xz 



modulo elements in ker(^2 fc ) = (z — k 2 x — ky). But since this must hold for all fc > 1, and since 
fife ker(V>2fc) = 0, we see that ip* is indeed given by the formulae above. □ 
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In the twisted case the rational equivalence #*(BFDiff; Q) ~q B(S 1 x SU(2) x SU(2)) still gives 
generators T, X and Y such that \T\ = 2 and \X\ = \Y\ = 4 corresponding now to S* 1 and to the 
SU(2) factors. The rational cohomology ring of BG 1 was computed in [5] and it is given by 



H*(BGl;Q) = Q[X,Y,T]/(l[((2i + lfC^^(X + Y) -Y) - - [% ± > T 2 )). 



2 



Since BG\ c ~ i?G° +1 _ c 1 _ c one gets immediately, from Theorem IB. 7[ the cohomology ring in the 
twisted case, when £ < \i < £ + 1 and c > c cl -i t : 



I 



i=l 

Theorem B.9. T/ie map i* : H*{BG\;<£$) -> F*(S§^ C ;Q) is jjuen 6?/ 

XH-fj/(j/-a;) + f(7y + 7z-3x) 
^ •-» f (y -» + «) 

T h^ 4z + 2y - x 

Proof. The proof goes exactly as in the corresponding theorem in the split case. We just need to 
note that now at the cohomology level we have 

■A-2k-l — > X 2 k-1 + V2k-l 
X%k-1 —* X2k-lV2k-l 

where A^k-i and X2k-i are the generators of H* (BU (2)) , and to recall from [2] that the map ip2k-i 
verifies 

v 2 ViCn = (2fc-iM 2fc _i 

□ 
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